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MEROMORPHIC EXTENSION OF
ANALYTIC CONTINUED FRACTIONS

ACROSS THEIR DIVERGENCE LINE WITH APPLICATIONS
TO ORTHOGONAL POLYNOMIALS

HANS-J. RUNCKEL

Abstract. For the limit periodic /-fraction K(-an/(k + bn)), an , bn £ C ,

n £ N , which is normalized such that it converges and represents a meromorphic

function f(k) on C* :=C\[-1, 1 ], the numerators A„ and denominators Bn

of its nth approximant are explicitly determined for all n £ N . Under natural

conditions on the speed of convergence of an , bn , n —> oo , the asymptotic

behaviour of the orthogonal polynomials B„ , A„+x (of first and second kind)

is investigated on C* and [— 1, 1]. An explicit representation for f(X) yields

continuous extension of / from C* onto upper and lower boundary of the cut

(-1, 1). Using this and a determinant relation, which asymptotically connects

both sequences A„, B„ , one obtains nontrivial explicit formulas for the ab-

solutely continuous part (weight function) of the distribution functions for the

orthogonal polynomial sequences Bn , An+X , n £ N. This leads to short proofs

of results which generalize and supplement results obtained by P. G. Nevai [7].

Under a stronger condition the explicit representation for f(k) yields meromor-

phic extension of / from C* across (-1, 1) onto a region of a second copy of

C which there is bounded by an ellipse, whose focal points ± 1 are first order

algebraic branch points for /. Then, by substitution, analogous results on con-

tinuous and meromorphic extension are obtained for limit periodic continued

fractions K(—a„(z)/(X(z) + b„(z))) , where an(z), b„(z), \{z) are holomor-

phic on a region in C. Finally, for /-fractions T(z) = K(-cnz/(\ + dnz))

with cn —> c, dn —» d, n —> oo , the exact convergence regions are determined

for all c, d £ C. Again, explicit representations for T(z) yield continuous

and meromorphic extension results. For all c, d £ C the regions (on Riemann

surfaces) onto which T(z) can be extended meromorphically, are described

explicitly.

1. Introduction and basic notations

The main goal of this paper is to describe a general method of analytic contin-

uation of meromorphic functions beyond the region in which they are defined by

a convergent limit periodic analytic continued fraction. We first consider limit
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periodic analytic continued fractions of the following special type (/-fraction)

(1) f{X) = x + bo-x~TFx-x+~F2-'" '

where an , bn-\ £ C, an / 0 for n £ N and lim„^oo an = 1/4, lim^oo bn = 0.

If, more generally, lim,,-^ an = a ^ 0 holds, then a suitable equivalence

transformation and variable substitution reduces (1) to the case a = 1/4. As

usual we put for n > 1   (ao := 1),

An(X)/Bn(X):=     l
X + bo-X + bx-X + b2-     - X + bn-X'

where An , Bn are polynomials in X of degree n - 1 and n respectively, which

for n > 1 satisfy

(2) ( Án+x=(X + bn)An-anAn^x,        AQ = 0,        Ax = 1,

I Bn+\ = (X + b„)Bn - a„B„-X,       Bo = 1,        Bx = X + bo.

It is well known (see [6, 8, 15]), that under the above conditions the right side

in ( 1 ) converges and represents a meromorphic function

f(X) := lim An(X)/Bn(X)
n-*oo

in C* := C\[-l, 1] with f(oo) = 0. In this paper we assume that (1) satisfies

the additional condition
oo

(3) ^2(\aj - I/4\ + \bj\)Rj <oo   for some R> 1.

Sometimes we also will use the following condition

oo

(4) £7(K-l/4| + |/3;|)<oc,
j=i

Now the substitution X = A(co) := (co + co~x)/2, co £ C, co ^ 0, maps

0 <\co\ < I as well as |g>| > 1 conformally onto C* and \co\ = 1 bijectively

onto both (upper and lower) boundaries of the cut [-1, 1 ]. We define as inverse

function of A(co),

(5) co = co(X):=X-(X2-l)x/2 = ((X+l)x/2-(X-l)x/2)2/2,        X£C*,

where the roots are chosen to be > 0 for X > 1. Then \co(X)\ < 1 holds

for X £ C*. Let C** be the complete 2-sheeted Riemann surface obtained by

analytic extension of co(X) from C* across [-1, 1] into a second copy of C.

Then always \co(X)\ > 1 holds in the second copy of C\[-l, 1].

In §2, Lemma 1, explicit formulas for An(A(co)), Bn(A(co)) are derived in

terms of co, which together with (5) yield an explicit solution of the difference
equation (2). Under the conditions (3) or (4) the asymptotic behaviour of
An , B„ , as n —> oo, via (14) is determined in Corollaries 1 and 2 and Theorem

5. In §3, Theorems 1 and 2, the main results concerning continued fractions

of type (1) are presented. If (3) holds with R = 1, then the results of §2 lead

to explicit series representations of holomorphic functions A (X), B(X) such

that for X £ C*, (1) converges to f(X) = A(X)/B(X). For each X £ (-1, 1) the
asymptotic behaviour of A„(X)/B„(X), n —► oo , explicitly reveals the divergence
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of (1). If (3) holds for some R > 1, then A(X), B(X) yield the meromorphic
extension of f(X) from C* across [-1, 1] into a subregion of the Riemann

surface C** of co(X) which is bounded by the ellipse \co(X)\ = Rx/2, or explicitly

(6) E(R) := {X £ C: (ReX/(Rx'2 + R'1'2))2 + (\mX/(Rx'2 - R~xl2))2 = 1/4},

whose focal points ± 1 are algebraic branch points of order 1 for f(X). If, in

particular, (3) holds for all R> 1, then f(X) can be extended meromorphically

onto the complete Riemann surface C**.

In §4, Theorems 3-5, Bn(X), and An+x(X), n > 0, are considered as or-

thogonal polynomial sequences of first and second kind. Under the conditions

(3) with R = 1 or (4) their asymptotic behaviour, as n —► oo, on C* and on

[-1, 1] as well as generating functions are derived from the results of §2. The
behaviour on [-1, 1] essentially depends on the fact that A(X), B(X) can be

extended continuously from C* onto upper and lower boundary of (-1, 1).

Applying the asymptotic formulas to a Wronskian-type relation which connects

both sequences An , Bn one obtains the identity (52) in Theorem 1. This iden-

tity connects an integral representation for f(X), X £ C*, with nontrivial ex-

plicit representations for the absolutely continuous parts of the distribution

functions for both orthogonal polynomial sequences B„(X), An+x(X), n > 0.

The results of Theorems 3-5 generalize and complement results of P. G. Nevai

[7] on orthogonal polynomials with real a„,b„ .

In §5 general limit periodic analytic continued fractions

1 ax(z) a2(z)
(1) F(z) =

X(z) + b0(z) - X(z) + bx (z) - X(z) + b2(z) -

are considered, where we assume that an(z) ^ 0, bn-X (z), n> 1, and X(z) are
holomorphic functions of z on a region GcC, such that lim„_00 b„(z) = 0

and lim„_>0Oa„(z) = 1/4 hold uniformly on each compact subset of G. If,

more generally, lim„^00iz„(z) = a(z)/4 ^ 0 holds on G, then an equivalence

transformation applied to (7) yields

F(z)
1/2 a  xax a~xa2

-V2X + a-^2bo - a~V2X + a~xl2bx - a^2X + a~^2b2 -

which, except for the first partial numerator arxl2, is a continued fraction

of type (7), its value being independent of the chosen branch of a~x¡2. Of

course, now lim„_>00a_1a„ = 1/4 holds uniformly on compact subsets of

C7\{zeros of a(z) } .
We now define the open set

(8) G*:=G\S,    where S :={z£G:X(z)£ [-1,1]}.

Here G* = 0 holds iff X(z) is a constant e [-1, 1]. We always assume

G* t¿ 0. Then G* is an at most countable union of disjoint regions ^ 0,

the components of G*. Under the above conditions on each component of G*

the right side in (7) converges and represents a meromorphic function F(z) or

tends to oo. In analogy with (3) we assume in this paper that (7) satisfies the

condition

ta)        Y!f=x(\aj(z)-x-l^\ + \bj(z)\)Rj <oo uniformly on each compact

subset of G for some fixed R > 1.



186 HANS-J. RUNCKEL

Sometimes we also will use the following condition

f 10") 2^>%i J(\aj(z) - 1/4| + \bj(z)\) < oo uniformly on each compact

subset of G.

On each component of G* we define (see (5))

(11) co(z) := co(X(z)) = X(z) - (X2(z) - l)x'2,

where again (X2 - l)x/2 is chosen to be > 0 for X > 1, X £ C*. Then

0 < \co(z)\ < 1 holds on each component of G*. Let C7** denote the 2-sheeted

Riemann surface of co(z) over G, obtained by analytic extension of to from

each component of G* across the cut -S into a second copy of G. Thus,

whenever z crosses S, co(z) crosses \co\ = 1.
Then in Theorems 6 and 7, the main results concerning continued fractions

of type (7), F(z) is represented as A(z)/B(z), where the holomorphic func-

tions A, B are obtained from the explicit series representations for A(X), B(X)

in §3 by substituting 0/(z), bj(z), X(z) for a¡,bj,X. In analogy with the re-

sults of §3 one obtains detailed information concerning convergence of (7) on

G*, divergence on S and meromorphic extension of F(z) from G* across S

into G**. If, in particular, (9) holds for all R> 1, then F(z) can be extended

meromorphically from each component of G* on which B £0 onto the com-

plete Riemann surface G**. An even more far-reaching main result is obtained

in Theorem 8.
Finally, Theorems 6 and 7 will be applied in §6 to general limit periodic

T-fractions

fin TÏ7Ï-    —L c'z ClZ

K    ' {'     l+d0z-l+dxz-l+d2z-'" '

where c„, dn-X £ C, c„ ^ 0, n > 1, lim,,-^ c„ =: c £ C and lim„^oo dn =:

d £ C, such that
oo

(13) ^2(\cj - c\ + \dj - d\)Rj < oc   holds for some R> 1.

In Theorems 9 and 10, the main results concerning continued fractions of type

(12), all possible combinations of c, d £ C are reduced to 6 special cases. In all

these cases the divergence line S of (12) and, if (13) holds for some R > 1, the

boundary curves S(R) of regions into which meromorphic extension of T(z)

across S is possible are described explicitly.
The method of meromorphic extension developed in the present paper gen-

eralizes and also simplifies a method used by the author in [9, 11] in the special

case of (1), where all b„ = 0 and in the special case of (12) where all d„ = 0.

Another method of meromorphic extension which is entirely different from

the one used in the present paper is the general method of "modified" continued

fractions developed and investigated in the work of Gill [3], Jacobsen [4, 5],

Thron and Waadeland [13, 14].
It seems that, under the assumption ( 13) for some R > 1 , this method so

far has only been applied in [14] to the special case of T-fractions (12) where

c = d = 1, the result obtained there being identical with the one derived in

Theorem 10 below, and to the case, where all dn = 0 and c / 0, when (12)

is a regular C-fraction. In this case an explicit formula for the boundary curve
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S(R) was already given in [9] and is again derived in Theorem 10 for the general

case d = 0, c ¿ 0. It seems that the same curve S(R) is obtained in [14] but
in an implicit form.

In his Ph.D. thesis [12] Schlierf has applied the method of "modified" con-
tinued fractions, under the assumption (13) for some R > 1, to other cases

of (12) (essentially d = 1 and c £ R). These results turned out to be not

as far-reaching and explicit as the corresponding results of Theorem 10 below.

Even in the special case when (13) holds for all R> 1, this method only yields

meromorphic extension of T(z) across S into a proper subregion of the com-

plete Riemann surface onto which extension then actually is possible according

to Theorem 10.

2. Further notations, auxiliary formulas and main Lemmas

In order to determine An , B„ in (2) explicitly for all n we use the substitu-

tion X = A(co) = (co + co~x)/2 and define for n > 0, co £ C,

:i4)
Cn = C„((o) := (l-co2)(2co)n-xAn(A(co)),

i(co):=(l-co2)(2coyBn(A(co).

(C„ = C„(

\Dn = Dn(

:i5)

n> 1,

«>0,

Substituting this into (2) and using un := 2bn,  n > 0,  v„ := 1 - 4a„ or

an = (1 - vn)/4, n > 1, we obtain

C„+i = (co2 + 1 + unco)C„ -co2(l- v„)Cn-X,

Dn+X = (co2 + 1 + unco)D„ -co2(l- vn)Dn-X,

or with w := co2, co £ C, v0 := 0

' Cn+X -C„ = w(Cn - C„-i) + u„coCn+vnwCn-X,

D„+x -Dn = w(D„ - /)„_,) + u„coDn + vnwDn_x,

Co = D_x := 0, Cx = D0 := I - w .

We now want to determine explicitly the two linearly independent solutions

Cn , Dn, n > 1, of the difference equation (15).
Throughout this paper we will use the following fundamental definitions. Let

/', n, r, k + 1 £ No and co £C . Then we define

(16)
' ckJ(co):= (1 -wyx(coUj(l -w¡~k) + wvj(l -wJ-k~x))   for j > k > -I,

with Uj := 2bj, j > 0, Vj := 1 - 4a7, j > 1, Vo := 0,  w :

b and ckj(±l) := ±(j - k)Uj + (j - k - l)vj,

-co2

( Sk"'0(co) := 1 - m"-*   for n > k > -1 and

(17)
sPAœ) '■=  Y, ck,Áo)S)"l-X((t))   for r > 1, k > -1, n>k + r,

j=k+l

or explicitly

n-r n—r+l n-r+2 n—\

s£%(»)= E c^m £ cJ
jx=k+l J2=Jt + l

Yl Ck,h

i ,Ji Y. ^h,h £    cJr_ujr(l -wn-i<)

h=h+\ jr=jr-X+l

J\ ,h ■cjr_iJr(l-W-j'),

k<jx<J2<-<jr<n
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with jo = k , if r = I. Furthermore, we define

(18)

or explicitly

n-k-l

S(kn)(co):=   ]T  S{k">r(co)   for n>k>-I,

r=Q

n-k-l

(l9)Sln)(oj) = l-w"-k+ £ E        ^,jxcJX,j2---cJr_ujr(l-W-J').

r=\    k<jx<J2<--<ir<n

Using these notations we will now prove

Lemma 1. For all n > 1 C„(co) = S{0n)(co) and for all « > 0 Dn(co) = S{"¡(co)

hold.

Proof. Put tj := coUjCj + wvjCj-X for j > I. Then the first equation of

(15) becomes C7+1 - C, = w(Cj - Cj-X) + t¡, j > 1. Summing from /' = 1

to j = n - 1 and using C0 = 0 yields Cn = wC„-X +CX+ Y!]Zi tj, " > 2.

Substituting this expression into itself for n-l, n-2, ... yields after k < n-1

steps C„ = wkCn_k + l -wk + ¿ZÍ=x wv~x Yl)Zx tj. With Cx = 1 -w we obtain

for k = n - 1

n—\ n-v n-l     n-j

Cn = i -wn + y,wv~x E'j■ = i -w" + E'jE^"1 ■
i/=l j=\ j=\      i/=l

or with (17)

(20)

n-\

Cn = l-wn + ^2tj(l-w"-j)(l-w)-

i=\

n-l

= S¡% + Y,tj$%(l-w)-1,        n>2.

For n = 2, tx(l - w)~x = c0,i holds and therefore C2 = S$0 + S{02\ = S{02)

follows with (18). Assume now that for some r > 1 and all n > r,

r-l

!/=0 7=1

-1

is already proved. We now consider the second sum only. Here we substitute
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w)~x

-1
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(20) for Cj-i and Cj in tj and use (16), (17), (18). Then

n^tjSf^(l-w)-x = n^(œUjCj + wVjCj„i)Sf\_x(l-wTx

j=\ j=\

= ̂ Ltt;íl-t^ + ¿í/t(l-^-*)(l-u;)-IJ

+ wvj I 1 - wj~x + E^/c(l -u;-'-*-I)(l - w)~x))s^r_x(l - w)~x

= Eco^"Li+EE^,^_1(i-U;)-
7=1 j=2k=\

k=i      y=/c+l

= «+"e^(1-^
fc=l

Hence we have proved

Cn = ¿SSli, + "E 0^(1 - w;)-1   for « > r + 1.
i>=0 7=1

For r = n - 2 this yields C„ = E^o^l + 'i5!?«^1 ~ u;)"' • From (16)

and (17) tx(l-w)~x = co.i and i,Silu(l - w)"1 = Cb.iSJli._2 = Sj°„_i

follow. Hence using (18) we have proved C„ = EÜm!5??!/ = S0n) for n > 1.

Using /)_ ! = 0 instead of Co = 0, reasoning analogous to that above proves

Dn = 2ZLoS-"¡,„=S{"¡ forn>0.

Our next goal is to study the asymptotic behaviour of C„ , D„ , as n —> oo,

under the assumption (3) or (4). This requires further notations. For k + 2 £ N

we define

Sk,o(œ) '■= 1 ?    ar>d for r > 1,

(21) Sfc.,(<»):=   E   Ckj(C0)Sj,r-i(C0),
J=k+l

and
oo

(22) S_(û>):=j_S„,r(û>),
r=0

or explicitly
oo oo oo oo

Sfc,r(û>)=      E    C^      E     CJl.h     E     C/2.J3 ■••       E       CJr-l.j,
;'i=/c+l 72=7i + l 73=72+1 7'r=7,-i + l

/  . C*, 7i CJ\ > 72 C72,73 ' ' ' Cjr- i , j, '

k<jx<J2<-<j,<oo
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and
oo

Sk(CO) =  1 + E E °k,jXCix ,J2CJ2,h ■ ■ ■ CJ,-l Jr ■
r=\ k<jx<J2<--<jr«x>

Next, using the maximum principle, we observe that in case R > 1,

(23) \ckJ(co)\ < (R-l)-x(\Uj\Rx/2(l+RJ-k) + \Vj\(R + RJ-k))

holds for \co\ < Rx/2 , j > k > -1, and in case R = 1,

(24) \ckJ(co)\<2\l-w\-l(\Uj\ + \Vj\)

holds for \co\ < 1, co ̂  ±1, j > k > -1. We assume that (3) holds and define

for k + 2 £ N,

OO

(25) Pk(R) := E (M* 1/2(1 + Rj~k) + \vj\(R + RJ~k)),
j=k+l

and observe that Pk(R) \ 0 for k / oo. In particular

oo

pk(i) = i E(N + M-
j=k+l

Lemma 2. Assume that (3) /zo/cis vvzi/z R = 1. r/ze« the following statements are
true.

(a) .For |(ü| < 1, tu ̂  ± 1, r > 1, k > -1, „zzc/ „// n> k + r,

(26) lO)|<2|l-u;|-^(l)/j,+1(l).-./J,+r_1(l)   Ao/ds.

(b) For eac/z fc > — 1, r > 1, the r-fold series Sk r converges absolutely and

uniformly on compact subsets of \co\ < 1, co ̂  ±1 and satisfies

(27) |^,r(a))|<|l-™r>fc(l)/Wl)---/^+,-i(l)   ^N<1,«/±1.

Furthermore for each k > -I, Sk(co) converges absolutely and uniformly on

compact subsets of \co\ < 1, co ̂  ±1. Hence, for all k > -I, r > 0, Sk,r and

Sk are holomorphic for \co\ < 1 and are continuous and satisfy (21), (22) for

\co\ < 1, co^±l.
(c) For each k>-l, r > 0, and 0 < t < I,

lim Sin\ = Sk r   and    lim S{"] = Sk
n—»oo    K'r n—»oo    "

hold uniformly for \co\ < t.

Proof, (a) Using (24), (25) , and |S["'0| < 2 one obtains (26) by induction on

r from the recursive definition of Skr in (17).

(b) Using again (24) and (25); the convergence of Sk,r and inequality (27)

follow from (21) by induction on r. Finally, (22), (27) and p7-(l) \ 0 for
j y oo imply the convergence of Sk .

(c) Let 0 < t < 1 be fixed. Then for each k > -1, lim„_00 5[" q = S^.o

holds uniformly for \co\ < t. Let r > 1 and choose «o > k. Then (17), (21)
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yield for n> r + n0.

\Sk,r~SPr\ E   ckjSj,r-l-   E   CkJSf\-l
}=k + \ )=k+\

< E lftjll*y.r-i-sS5-il+ E I^jII5/.-
j=k+\ 7=«o+l

+    E    lC* jUffr-
7=n0+l

Because of (24), (25), and (27) (applied to Sj,r. j > no + 1) here the second

w\ rp„0(l)pn0+x(l)---pno+r-i(l) and because of (26) (applied tosum is < 11

SJli-i» ; > "o + 1) the last sum is < 2|1 - w\-rp„0(l)pno+x(l)-■■ p„0+r-i(l)

for \co\ < t.  For large «o these upper bounds become small uniformly for

i S."ILi =Sj,r-i already holds uniformly\co\<t. We now assume that lim,,-^

on \co\ < t for each fixed j > -1. Then for fixed «o also the first sum in the

above estimate becomes small for large n . Hence the first limit relation in (c)

is proved. In order to prove the second relation we again choose a fixed «o •

Then (18), (22) yield for n > n0 + k + 2,

\Sk-S{n)\ =

n-k-l

5X'"    E e(«)
ák,r

<

r=0 r=0

E(^-C)
r=0

oo n—k—l

+    £    \Sk,r\+    E    lC
r=no+l r=no+l

Using again (26), (27) here the last two sums together are estimated by
oo

3   E    \l-W\~rPk(l)Pk+l(X-)---Pk+r-l(l),
r=n0+\

which converges and for large «o becomes small uniformly for \co\ < t, since

Pj(l) \ 0 as j / oo. Finally, for fixed «o the first sum becomes small for

large n .

For k = 0, -1 we immediately obtain from Lemmas 1 and 2

Corollary 1. Assume that (3) holds with R = 1 and define C(co) := So(co) and

D(co) := S-i(co) for \co\ < I, co ̂  ±1. Then the following statements are true.

(a) For every fixed 0 < t < 1, lim„_00 C„(co) = C(co) and lim„^oo D„(co) =

D(co) hold uniformly for \co\ < t.
(b) The functions C(co), D(co) are holomorphic for \co\ < 1 and continuous

for \co\<l, co^±l and satisfy C£0, D^O, since C(0) = D(0) = 1.

We now assume that condition (4) is satisfied. Then we obtain

(28)      \ckJ(co)\ < (j - k)\uj\ + (j-k- l)\Vj\   for |a>| < 1, j > k >-I,

and we define for k > -1,

(29) °k--=  E (U-k)\Uj\ + (j-k-l)\Vj\),
j=k+\
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observing that Ok \ 0 for k / oo . Then the results of Lemma 2 are comple-

mented in

Lemma 3. Assume that (4) holds. Then the following statements are true.

(a) For each k> -I, r > 0, Sk,r in (21) converges absolutely and uniformly

for \co\ < 1 and satisfies

(30) \Sktr(to)\<akak+i---ak+r_x   for \co\ < I.

(b) For each k > -1, Sk in (22) converges absolutely and uniformly for

\co\ < 1. Hence, for all k > -I, r>0, Sk r and Sk are continuous and satisfy

(21), (22) for \co\<l.

(c) For each k>-l, S[n) in (18) satisfies S(kn)(±l) = 0 and

lim (  lim Sin)(co)/(l - w)) /n = Sk(±l).
n-»oo \<u-»±l    K J

Proof, (a) Using (28), and (29); the convergence of SkyK and inequality (30)

for |ew| < 1 follow by induction on r from the recursive definition (21).

(b) Then (22), (30), and er¿. \ 0 for k / oo, imply the convergence of Sk ,

and (21), (22) also hold for co = ±1.
(c) We define for r > 0, n> k + r, k > -1,

L[n]r(±l) := limw^±xS(kn)r(co)/(l - w) and for n > k > -I,  L[n)(±l) :=

lim^i! S{kn)(co)/(l - w). Then (17) yields LJ¿n)0(±l) = n - k, and recursively

for r > 0,

n-r

(31) 4",)r(±1)=  E ckJ(±\)L^r_,(±l)
j=k+l

and (18) yields

n-k-i

L[n)(±l)=   Y,  Lk!r(±l)   for n>k>-I.
r=0

Using (28), (29), L[n)0(±l)/« = I - k/n<2 and the recursive definition (31),

yields for r>0, n > k + r, k > — 1,

(32) |L[n)f(±l)/zz| < 2okOk+x---ok+r-i.

Finally, using (21), (22), (30) for co = ±1 , a repetition of the proof-idea of

Lemma 2(c) with (26), and (27) replaced by (32), and (30) respectively, yields

lim„_00L[")r(±l)/« = ^,r(±l) and lim„_>004")(±l)/n = Sfc(±l).

Looking again at (16) and (17) we observe that

(33) Ckj(co-x) = wk-jCkj(co)   holds for co £ C, co^O.

Consequently

S(kn)(co-x) = -wk'"S{kn)(co)   holds for co £ C, co + 0,

and n > k > -1. In particular k = 0, -1 , and Lemma 1 yield Cn(co~x) =

-w~nCn(co), Dn(co~x) = -w """'A, (co), co^O. For fixed k > -I we now
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want to investigate the asymptotic behaviour of 5^ for \co\ = 1 as n —> oo .

Using (19) we write for n > k > -1,

(34) S[n)(co) = X(kn)(co)-wnYln)(co),

where we have defined for n > k >—I, co £<£,

(35) X¡cn)(co):=l+  E E        ct.hCh.h-cjr-i.jr,
r=l    k<jx<J2<-<jr<n

and

n-Zc-1

Yk{n)(œ):=w-k+  Y, E        ck,jxCjx,J2---Cjt_x,hw->',

r=\    k<Ji<J2<-<jr<n

where jo = k , if r = I. Then we obtain immediately from (33)

Yk(n)(co) = w-kX(kn)(co-x)   forallweC, w^O.

Substituting this into (34) yields

(36) Skn\(o) = Xkn)(oS)-wn-kXkn)(o}-x)   forweC, co^O.

Lemma 4. Assume that (3) holds with R = 1. Then the following statements are

true.

(a) For every k > -I, lim„_oo Xk(oj) = Sk(co) holds uniformly on compact

subsets of \co\ < 1, co ̂  ±1. (This holds uniformly on \co\ < I if (4) is satisfied.)

(b) For fixed k > -1 and n -» oo,

(37) S{kn)(co) = Sk(co) - wn-kSk(cö) + o(l)

holds uniformly on compact subsets of \co\ = 1, co / ±1. (This holds uniformly

on \co\ = 1 z/(4) is satisfied.)

(c) For fixed k > — 1 and every fixed \co\ = 1, tu =^ ±1, lim„_00>S¿'(<y)

exz'sís, „hu? eíj'tza/í S/t(<w), z^" Sfe(ftJ) = 0.

Proof. We observe that in analogy with (17), and (18), A^n) in (35) also can

be defined as follows:

X(kn) = iZrZo~X xk\> n > k > -I, where X(kn\ := 1, and for r > 1,

-XfJ, := £"=*+i Cfc./f/ll-i . Then instead of S^r also X(k\ satisfies inequality

(26), without the factor 2 since Xkn)0 = 1 . If (4) holds, then instead of Sk ,r also

A^ satisfies inequality (30). A repetition of the proof of Lemma 2(c) shows

that for each k > -1, r > 0 lim^^ X(k\ = Sk,r and lim,,.^ X(kn) = Sk hold

uniformly on compact subsets of \co\ < 1, co / ±1 . This holds uniformly on

\co\ < 1 if (4) is satisfied and (30) is used instead of (26), and (27).

(b) follows from (a) by substituting X(kn) = Sk + o(l) into (36). (c) follows

from (37).

Next we observe that (15) implies

Cn+xD„-Dn+xCn =w(l -vn)(CnDn_x -DnC„-X)
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and hence we obtain the Wronskian-type formula

n

(38) Cn+xDn - Dn+xCn = wn(l - w)2 Y[(l - vj) for n > 1,

7=1

where l-Vj = 4a, / 0 for j > 1. Since YlJLi \vj\ < °° > limn^oo n"=i(l ~vj)
exists ^ 0.

Applying Lemmas 3 and 4 for k = 0, -1 and using (38), we obtain the

following result on the asymptotic behaviour of Cn(co), and Dn(co) for \co\ = 1

as n —> oo .

Corollary 2. Assume that (3) holds with R = 1. 77ze« the following statements

are true.

(a) As n —> oo,

(39) Cl,(u>) = C(u})-t_BC(a)) + o(l),        Z)„(w) = Z)(«)-u;"+1Z)(c7J) + o(l)

Ao/„ uniformly on compact subsets of \co\ = 1, co ̂  ±1. //(4) z's satisfied, then

C(co), D(co) are continuous for \co\ < 1 and (39) holds uniformly for \co\ = 1.

(h) For all \co\ = 1, to^±l,

oo

(40) &;-1C(w-1)D(a;)-ö;C(fo))/)(&)-1) = (w-1-ftj)fJ(l-'y;)   Ao/ds.

7=1

(c) For a fixed \co\ = 1, <y ̂  ±1 lim,,-^ C„(fo)) exz'ito, and equals C(co) ^

0, iff C(œ) = 0. lim„_00Z)„(ft>) exists, and equals D(co) ̂  0, iff D(W) = 0.
At least one sequence C„(co) or Dn(co) diverges as n —> oo.

(d) If all a„ , b„ in (2) are real, then C(co) = C(W) ¿0,and D(co) = D(W) ¿
0 hold for all \co\ = 1, co^±l and both sequences C„(co), D„(co) diverge for
these co as n —> oo.

(e) If (4) is satisfied, then

lim J  lim C„(«)/(l - w) ) /n = C(±l),    and
n-»oo \ûj-»±1 /

lim ( lim D„(co)/(l -w)
n-»oo \ü>—»±1

Proof, (b) Substituting (39) into (38) and then dividing by w"(l - w) yields

(40).
(c) This follows from Lemma 4(c) and from the fact that because of (40);

C(co), C(W) ; or D(co), D(w) ; or C(œ), D(œ) cannot both vanish.

(d) Again (40) yields C(co) ¿ 0 and D(co) =é 0 for all \co\ = 1, co ¿ ±1 .
(e) follows from Lemma 3(c).

Next, we will prove that Sk(co) in (22) can be extended analytically from

\co\ < 1 onto \co\ < Rx<2, R > 1, provided (3) holds for this R > 1 .

Lemma 5. Assume that (3) holds for some R > 1. Then the following statements

are true.

(a) For each k > -I, and r > 0, Sk,r in (21) converges absolutely and

uniformly and satisfies

(41) \Sk,r(co)\<(R-l)-rpk(R)Pk+x(R)---Pk+r-i(R)   for \co\ < R1'2.

j/n = D(±l)   hold.
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(b) For each k > — 1, Sk in (22) converges absolutely and uniformly for

|<m| < Rxl2. Hence, for all k>-l, and r > 0, Sk,r and Sk are holomorphic for

\co\ < Rxl2, continuous for \co\ < Rxl2, and (21), and (22) hold for \to\ < Rxl2.

Proof, (a) The convergence of Sk,r and (41) follow by induction on r from

the recursive definition (21) and from (23), and (25).

(b) The convergence of Sk follows from (22), (41), and pj(R)\0 as j /

oo.

For k = 0, -1, Lemma 5 yields

Corollary 3. Assume that (3) holds for some R > 1. Then the functions C(co),

D(co) are holomorphic for \co\ < Rxl2, continuous for \co\ < Rxl2, and satisfy

oo

(42) co-xC(oj-x)D(co) - coC(co)D(co-x) = (co~x - w) JJ(1 - vj),

7=1

for R~xl2< \co\<Rxl2.

Proof. In order to prove (42) we observe that according to Lemma 5 both sides

in (42) are holomorphic for R~xl2 < \co\ < Rxl2 , continuous for R~xl2 < \co\ <

Rxl2 , and that equality holds for |<y| = 1 because of (40).

We conclude this section with

Lemma 6. Assume that (3) holds. Then for every k > 1 (see (14), (22))

k

(43) C(co)Dk(co) -D(co)Ck(co) = Sk(co)wk(l -w)]\(l- Vj)

7=1

holds for \co\ < Rxl2 if (3) holds with R> I; for \to\ < 1, and œ ¿ ±1 z/(3)
holds with R = 1 ; and for \co\ < 1 z/(4) holds. On these sets C and D have
no common zeros.

Proof. For fixed k > 1 we replace the sequences an,b„ in ( 1 ) and un , vn in

(15) by the sequences ak+n, bk+n and uk+n, Vk+n, n > 1, respectively. In
analogy with (15) we therefore define for n > 1, and co £ C,

(44) / C"+x :=(w + l+ MUk+n)C; -w(l- vk+n)C*_x,

\ £«+i :=(w + l+ couk+n)D*n -w(l- vk+n)D*n_x,

where C0* = D*_x :=0, C¡ =DQ*:=l-w . Then for all n > 0, and co£C,

(45) Í (1 - w)Ck+n = CkD*n -w(l- vk)Ck-XC*n ,

(                           \(l-w)Dk+n=DkD*n-w(l-Vk)Dk-XC;

holds, since by (15), and (44) both sides in (45) separately satisfy

r„+i = (w + l+ couk+n)Yn -w(l- vk+n)Yn_x    for n > 1,

and have the same initial values for n = 0 and 1. Using (38) we solve (45) for

C* and obtain

k

(46) Ck+nDk - Dk+nCk = C'nwk(l -«1)11(1- Vj).
7 = 1
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Because of Lemma 1,  C* = S0 '    holds, where S0 '    is obtained from S0

after u¡, Vj are replaced by Uk+j, vk+j , j > 0. Now (16), and (19) show that

s(n)' = s(k+n)  hojds for „ > g    Hence  Q = S(k+n)  md ^^ fl* = gjk+n)  hold

for n > 0 and (46) yields

k

(47) Ck+nDk - Dk+nCk = Skk+n)wk(l -«1)11(1- Vj),

7 = 1

for n > 0, and co £ £. If (3) is satisfied, then by means of Lemma 2 and

Corollary 1, (43) follows from (47) for |w| < 1 and as n —» oo . The rest follows

from Lemmas 3 and 5, Corollary 3, and from C(0) = D(0) = 1, Ck(±\) =

Dk(±l) = 0, limk^00Sk = l.

3. The main results concerning continued fractions of type (1)

In view of (14), (17), (18), and Lemma 1 we immediately obtain explicit

formulas representing An(X), and Bn(X) for all n £ N by substituting co(X)

from (5) for co in Cn(co), Dn(co). We now assume that (3) holds with R = 1.

Using (5) and the results of Corollary 1 we define

(48) A(X) := 2co(X)C(co(X)),        B(X) := D(co(X))   for X £ C*.

Next let

(49) [/:=(—1, 1),L:=(-1, 1) denote the upper and lower bound-
ary respectively of the cut [-1, 1] of C*, considered as disjoint

subsets of the Riemann surface C** of co(X).

Then for 0 < û < n, X = cosû £ U implies co(X) = X - i(l - X2)1'2 = e~w,

and X = cos û £ L implies co(X) = e'û . Hence, co(X) maps the disjoint union

C* U U U L bijectively onto \co\ < 1, co / ±1 . Using the results of Corollary 1

again we define for x = cos û, 0 < û < n ,

(50) í A+{X) := 2e~iÛC(e~iÛî '        A~W := 2eidc(e'e).

\ B+(x) := D(e~iú),        B'(x) := D(e'ú).

If (4) holds, then, using Corollary 2,we define for X = ±1 ,

(51) ¿(±1):=±2C(±1),        B(±l) := D(±l).

With these notations we obtain

Theorem 1. Assume that (3) holds with R = 1. Then the following statements

are true.

(a) The functions A+ , B+ , A~ , B~ in (50) are continuous on (-1, 1) and

for every x = cos û, 0 < û < it they satisfy

A-(x)B+(x)-A+(x)B~(x)
.,-. oo oo

1    ' =4/(1 -x2)x'2 Y[(l -Vj) = 4/sin_ JJ(1 -Vj)¿0.

7=1 7=1

// in particular, all an, b„  in (1) are real, then A  (x) = A+(x) ^ 0, and

B-(x) = B+(x)¿0 hold for all x£(-l, I).



analytic continued fractions 197

(b) The functions A, B in (48) are holomorphic and £ 0 on C* U {oo}

and can be extended continuously onto C* U U U L (see (49)). More explic-

itly, A(X), and B(X) approach the continuous boundary values A+(x), B+(x)

or A~(x), B~(x) if X £ C* approaches x £ U or x £ L respectively. Fur-

thermore, A, and B do not vanish simultaneously on C* U U U L. Finally,

f(X) := limn^(X>An(X)/Bn(X) = A(X)/B(X) holds uniformly on compact subsets

ofC*\{X£C*:B(X) = 0}.
(c) For x = coso, 0 < û < it, the continued fraction (1) diverges. More pre-

cisely An(x)/Bn(x) = M(e~'2("+X)6) + o(l) holds (uniformly on compact subsets

of (-1, 1)) as n —» oo, where in view of (52)

M(C) := (A+(x) - CA~(x))/(B+(x) - ÇB~(x))

is a Moebius transformation. Consequently, for fixed x £ (-1, 1), asymptot-

ically all A„(x)/Bn(x) lie on the image circle of the unit circle under M(Q,

which is a straight line iff \B+(x)\ = \B~(x)\.
(d) If (4) holds, then in addition to (a) A, and B can be extended continuously

from C'Ut/uL into ±1, and A(X), B(X) approach A(±l), B(±l) (see(5l)) as
X£C*UUUL approaches ±1. Neither A(l), B(l) nor A(-l), B(-l) vanish
simultaneously. Finally, lim„^00An(±l)/Bn(±l) = A(±l)/B(±l) holds.

Proof, (a) The continuity of A+, B+, A~ , and B~ follows from Corollary

1(b). Using co(x) = e~m for x = coso € U and substituting (50) into (40)

yields (52) and the rest follows from Corollary 2(d),
(b) follows by combining (5), (14), (48), (49), and (50) with Corollary 1 and

Lemma 6,
(c) follows from Corollary 2(a) by substituting co(x) = e~w , and x = cos û £

U, into (14), (39), and by using (50),
(d) follows from Corollary 2(a), Lemma 6 and Corollary 2(e) together with

(5), (14), (51).

Remark 1. That (1) diverges for every x £ (-1, 1) also can be seen from the
estimate

n

>2|1 -w;|2A:-2]^|1 -tiyl,
7=1

which follows with x = cosö, co = e±ld from (5), (14), (38) and, as a conse-

quence of Lemma 1, (18), (26) with k = — 1, from

(oo

l+^|l-tZ7|-rp-l(l)/90(l)---/>r-2(l)

r=l

Remark 2. Let all b„, n > 0, be real and all an > 0, n > 1, and define

Ij := (-bj - a)12 - a)/2x, -bj + a)'2 + al/+]) c R for j > 0 (here „0 := 0). Let

J0 and Jx be the smallest closed interval with U^o^ c -A) and IJ^i f c J\

respectively. Then Theorem 4 in [10] shows that all zeros of B„(X), n> I, are

contained in J0 and all zeros of An(X), n > 2, are contained in Jx . Hence,

A and B in (48) are /0 on C\/0 and f(X) in (1) is holomorphic there.

Theorem 2. Assume that (3) holds for some R > 1. Then the following state-

ments are true.

An+i(x) _ A„(x)

Bn+X(x)     Bn(x)
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(a) The functions A, B in (48) can be extended analytically from C* across

U and L (see (49)) onto a subregion (\co(X)\ < Rx/2) of the Riemann surface

C** of co(X) (see (5)) whose boundary on £**(\co(X)\ = Rxl2) lies above the

ellipse E(R) (see (6)). Onto this boundary A and B can be extended contin-

uously. The focal points ±1 of E(R) are first order algebraic branch points for

f(X) = A(X)/B(X) in (1). Furthermore, A and B have no common zeros in

their extended range of definition (\co(X)\ < Rxl2).

(b) If A(X), B(X) denote the values of A, B obtained after extending A, B
analytically from X£C* across U or L into the point on C** lying above X,

then
oo

(53) A(X)B(X) - A(X)B(X) = 4(X2 - 1)1/2II(1 - Vj)

7 = 1

holds for all X £ C* which lie inside or on E(R) (i.e., R~xl2 < \co(X)\ < Rxl2),
where (X2 - l)xl2 > 0 for X > 1, X £ C*. For X £ U or leL, (53) reduces to

(52).
(c) If (3) holds for all R > 1, then A and B can be extended analytically

onto the complete Riemann surface C** and satisfy (53) for all X £ C. Then f

is a meromorphic function on C**.

Proof, (a) follows from Corollary 3 and Lemma 6 in view of (5), and (48).

(b) Corollary 3, (5), and (48) yield Â(X) = 2co(X)-xC(o)(X)~x), B(X) =
D(co(X)~x). Then (53) follows from (42).

Remark 3. If in ( 1) lim,,^,» bn = 0 and lim„^oo a„ = 0, then, as a consequence

of Worpitzky's Theorem [6, 8, 15], (1) converges and / is meromorphic on

C\{0}.

Remark 4. Assume that (3) or (4) holds. Then substitution of (14) and (48)

into (43) yields

k

A(X)Bk(X) - B(X)Ak(X) = (2co(X))k+xSk(co(X))l[aJ,

7=1

for all X for which co(X) satisfies the corresponding conditions of Lemma 6.

4. Applications to orthogonal polynomials

In view of the recurrence relations (2) the sequences Bn(X), An+x(X), n > 0,

now are interpreted as two sequences of orthogonal polynomials of first and sec-

ond kind respectively. Using (14), (5), and Lemma 1, one obtains explicit for-

mulas for Bn , An+X for all n , and all possible complex orthogonal polynomial

sequences are obtained in this way.

Assuming that (3) holds with R = 1 or that (4) is satisfied we now are

going to apply the results of §2. In the following considerations, Corollaries 1

and 2 and especially (39), (40) in Corollary 2 play a fundamental role. Recall

that (40) was obtained via (39) from (38) which is a Wronskian-type relation

reflecting the linear independence of the solutions An, Bn, n >0, of (2). We

will formulate all results for the sequence B„, n > 0, only since analogous

results hold for An+X , n > 0 (see Remark 5).
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If (4) is satisfied and D(co) is ^ 0 for all \co\ < 1, then, using (50), we

define
oo

(54) <p(x) := (2/„)(l - x2)1'2 [](1 - Vj)/B+(x)B~(x),

7=1

for -1 < x < 1, where the root is > 0. Substituting x = cos?3, 0 < û < n,

into (54) yields </>(cosi3) = (2/n)sind\Xf=x(l-Vj)/D(eiû)D(e-iê), for 0 < û <
it. Observe that because of (30) in Lemma 3, (21), and (22), D(co) = S-X(co)

is ^ 0 for \co\ < 1 if Ylr=\ a-\aQ ' ' ' ar-2 < 1, and especially, if cr_1 < 1/2. If
D(co) has zeros on |<y| = 1, then still l/(j>(x) is continuous for -1 < x < 1.

In view of (50), (51), and Theorem 1(b) we define

(55) f+(x):=A+(x)/B+(x),       f~(x):= A~(x)/B~(x)    for-1 < x < 1.

Then (52), and (54) imply

(56) 2ni<t>(x) = f~(x) - f+(x)   for - 1 < x < 1,

or by virtue of (50), and (40)

iti<j)(cosû) = e'ûC(eiû)/D(e,û) - e-lûC(e-'û)/D(e~iû),    for 0 < û < n.

With these notations we obtain

Theorem 3. Assume that a„ , b„ £ C, an / 0, n > 0 (oq:= I) satisfy (4) and

that D(to) is ^ 0 for all \co\ < 1. Then the complex function tf>(x) in (54) is

continuous for -1 < x < 1 and ^ 0 for -1 < x < 1 (<z>(±l) = 0). For all

X£C* (see (I))

(57) f(X)= f  (p(x)(X-x)~xdx   holds.

If y denotes a large circle around 0, then

J   Bm(x)BH(x)<j>(x)dx = ̂ -. J'Bm(X)Bn(X)f(X)dX

= „o^i ■■■am6m,n   holds for all m, n > 0.

Proof. Using (48)-(51) and because of Theorem 1(a), (b), f(X) = A(X)/B(X) is
holomorphic for X £ C* and continuous on C* U U U Lu {I, -1}. For fixed

X £ C* Cauchy's integral formula yields

rw = ¿7 (/ f{t){t -*-rxdt- j f(t)(t - x)-x dt^j,

where yi is a large circle around 0 with X in its interior and y2 is a closed

path surrounding [-1, 1] with X in its exterior, both curves being simple and

positively oriented. Because of Xf(X) —> 1 for X —> oo the integral along yx

tends to 0 when the radius of yx tends to oo. Finally, y2 is contracted onto

[-1, 1]. Then (55) and Theorem 1(a), (b) yield

f(X) = - ¿j (/    f+(x)(x - X)~x dx + !' f~(x)(x - X)~x dx)

-èrtLy
1

1(x)-f+(x))(X-x)-xdx
1
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and hence (57) follows from (56). Next, using the same idea of proof as in [2,

p. 255], we substitute (57) for f(X) into the right integral in (58). Inverting

here the order of integration and using Cauchy's integral formula yields the

left equality in (58). Substituting f(X) = Am(X)/Bm(X) + ax ■ ■ ■ amX-2m-x +

0(X~2m-2), for X — oo, (see Remark 4 and (5), (14), (48)) into the right-hand

integral in (58) yields the second equality for n < m, when the radius of y

tends to co (see also Theorem 2.3. in [1]).

If b„ £ M and a„ > 0 for n > 0 and if (3) holds with R = 1, then

automatically D(co) = D(co~) is ^ 0 for \co\ = 1, co ̂  ±1 because of Corollary

2(d). In this case (54) yields

oo

(59) <f>(x) = (2/„)(l - x2)x'2 [¡O - Vj)/\B+ (x)\2,

7 = 1

for -1 < x < 1, or

oo

<f>(cosû) = (2/71)sin, Y[(l -Vj)/\D(eiâ)\2   forO<d<n.

7=1

Now (56) holds for -1 < x < 1. In this case we also use the fact that (see (1))

(60) f(X) = [ (X - x)~x dy/(x)   holds for all X £ C\[-_, a]
J -a

(see Theorem 2.4. in [1] and also Remark 2), where with suitable a > 1, y/(x)

is a real-valued nondecreasing function on [-a, a], normalized by y/(x) =

y/(x + 0) for all x £ (-a, a). Then we obtain the following result essentially

due to Nevai [7, Theorem 40, p. 143].

Theorem 4. Assume that bn e K, an > 0, n > 0, („o := 1) satisfy (3) with

R = 1. Then (see (60), (59)) ip'(x) = tf>(x) holds and <j)(x) is continuous

and > 0 for -I < x < I. If (4) holds, then (1 - x2)xl24>(x) is bounded for
-I < x < 1 or sin $r/)(cos ß) is bounded for 0 < d < n.

Proof. Because of Theorem 1(a), (b) and (55), (49), f(X) continuously ap-

proaches /+(x) and /~(x) as X £ C* approaches x £ U and x e L re-

spectively. Here f~(x) = f+(x) is continuous, / 0, and satisfies (56) for

-1 < x < 1, where now <j)(x) has the special form (59). Hence using (56)

and applying the Stieltjes inversion formula (Theorem 2.5 in [1]) to (60) yields

fz/'(x) = 4>(x) for -1 < x < 1 and the properties of <p(x) follow from (59).

If, finally, (4) is valid, then by Corollary 2(a), (d), C(co) and D(co) are con-

tinuous for \co\ = 1 and ^ 0 for |«a| = 1, co ̂  ±1. If D(±l) ^ 0, then
sinû/\D(el'd)\ and hence sinû(f>(cosû) is bounded on 0 < û < it. With

x = cos (5, co(x) = e~iû , 0 < û < n , (40) yields

oo

(61) ewC(ew)D(e-'û)/sinû - e-iuC(e~iu)D(eiu)/sinu = 2i JJ(1 - v;).

7=1

If D(l) = 0 or D(-l) = 0, then we assume that there exist 0 < û„ < n with

#„ —> 0 or ûn —» n such that D(e'd")/sinû„ -»0 for n -» oo. Then for

the conjugate D(e-'6")/sinû„ -> 0 holds and C(ew-) -> C(l) or C(-l) as

n —> oo . Hence, for û = ûn , n —> oo, the left side of (61) tends to 0, whereas
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the right side of (61) is a constant / 0. Therefore \D(e'û)/sinû\ > const. > 0

holds for 0 < û < n, which proves that sinr30(cos?3) also is bounded on

0<?3<7r if D(±l) = 0.

In the following result (63) and (c) essentially are due to Nevai [7, Theorem

40, p. 143].

Theorem 5. Assume that an, bn £ C, a„ ^ 0, « > 0 (_o := 1) satisfy (3)

with R = 1 and define Q„(X) := Bn(X)/(aoax ■■■a„)xl2, where for each n > I,

(aoax---a„)x/2 = 2-"(n"=i(l-«7))1/2^0 is chosen in {zeC: -rc/2<argz<

n/2} . Then the following statements are true.

(a) For « -» oo and fixed 0 < t < 1 (see (5), (48))

in \ 1/2

(co(X))»+xQn(X) = B(X)/2(X2 - l)x'2 lf[(l- Vj)        +o(l)

holds uniformly for \co(X)\ < t, i.e., uniformly for X on and outside the ellipse

E(r2) in (6), where (X2 - l)1/2 > 0 for X > 1.
(b) For n —» oo

2z sin ûQn (cost?)

In \ 1/2

= (D(e-W)ei{n+X)û - D(eiû)e~i{n+X)û) I j J](l - vf) J     +o(l)

and, consequently,

(63)

QÎ(cosû) - Q„-,(cos_)Q„+i(cos.) = D(^-/ö)D(ei'0) /f[(l - «;) + o(l)
'     7=1

= (2/„) sin u/(ß(cosu) + o(l)

Ao/_ uniformly on compact subsets ofO<û<n.If(4)is valid, then (62) holds

uniformly on 0 < û < n .
(c) If b„ el and a„ > 0 for all n > 0 and if A(û) := argD(eiû) is chosen

as continuous function on 0 < û < n, then (62) reduces to

in \ 1/2

sin#ß„(cosû) = \D(ew)\ sin((n + 1)_ - A(_)) / I f[(l - «;) j     + o(l)

uniformly on compact subsets of 0 < ê < n.

Proof. The asymptotic formula in (a) follows from (14), Corollary 1, (5), (48).

In (b) (62) follows from (14), co(cosû) = e~id and (39) in Corollary 2(a). In
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order to prove (63) we substitute (62) in

n

-4sin2ûl\(l-Vj)(Q2n(cosû)-(an+x/an)x'2Qn.x(cosû)Qn+x(cosû))

7=1

= (D(e-iû)ei{n+x)ô - D(eiû)e~i{n+X)&)2

- (D(e~iu)einu - D(elû)e-",û)(D(e-iû)ei{n+2)û - D(eiû)e~i{n+2)û)

+ o(l) = -2D(e~iû)D(eiû) + D(e-iû)D(eiû)(e-i2â + ei2û) + o(l)

= -4 sin2 ûD(eiû)D(e~i6) + o( 1 ).

Here the roots (an+x/an)x/2 were chosen such that lim„^0O(„„+1/„„)1/2 = 1 .

Dividing the preceding result by -4sin2 û \~l"=x( 1 — Vj) yields the first equality

in (63). The second one follows from (54) for x = cosö.

(c) follows from (62) since according to Corollary 2(d) now D(e~'6) =

D(e^) £ 0 holds for 0 < û < n .

Remark 5. If instead of f(X) := f(X) and corresponding <px(x) := 4>(x) in

(54) we consider the continued fraction of type (1)

r ...        _i /,     , 1    \ 1 a2 „3
f2(X):=a-  ^ + fc-_j = ______...

and corresponding 4>2(x) of type (54), then the polynomials An+X, n > 0, now

play the same role for f2(X) which the polynomials B„, n > 0, play for fx(X).

For n > 0, An+X is the denominator of the zzth approximant of f2(X). If for

-1 < x < 1, ff(x), f2~(x) denote the continuous boundary values of f2(X)

on U and L respectively (see (49)), then the above definition of f2 yields

f2-(x)-ff(x) = ax~x(l/f+(x) - l/f-(x)) for -1< x < 1 . Then (52), (55),
(56), and 4ax = 1 - vx imply

oo

^2(x) = 4(2/;r)(l-x2)1/2n(l-^)/^+W^_W>

7=2

or with x = coso, 0 < û < n and using (50)

oo

(Mcosi?) = (2/Ti) sin _JJ(1 -Vj)/C(e-iû)C(ei6)
7=2

and, moreover,

02(cos_)(l -vx)C(e~iû)C(eiû) = (px(cosô)D(e-i6)D(eid).

Obviously analogous results as stated in Theorems 3-5 also hold for f2, <j>2,

and An+X , n > 0.

As an example we consider (1) with b„ := 0, n > 0, vx := -I , v„ := 0,

n > 2. Then (14), (16), (17), (19), and Lemma 1 with w(cos«3) = e~w, 0 <

û < n, yield the Chebyshev polynomials of first and second kind Bn(cosû) =
2-n/ein0 + e-inû^ = 2'-" COS/ll? ,   71 > 1 ,

An+x(cosû) = 2-"(e'{n+X)& - e-'("+x^)(e,d - e~w)~x

= 2-"(sin(n+ l)d)/sint>,        n > 0.
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From (22), (50), (54), Corollary 1, and Remark 5 we obtain D(co) = 1 - co2,

C(co) = 1 and the corresponding weight functions <z>i(x) = (l/7i)(l - x2)"1/2,

(/)2(x) = (2/rt)(l-x2)1/2,-l <x< 1.

Remark 6. Assume that (3) holds with R = 1. For \co\ < 1, co ̂  ±1, and \z\ <

1 let Gk(z) := Y,T=k+\ Sj^z" be the generating function of the sequence Sk"\

n > k . Using the explicit formula (19) for S^ and interchanging successively

the summation with respect to n with all summations in (19) and summing

geometric series one obtains the following explicit series representation

(64)

G*(z)=(l-z)a-^)(1 + ¿       £       ckJxchJl...cjr_lJrz><A ,
V M '   \ r=\  k<jx<-<jr<oo )

which converges absolutely for \co\ < 1, co ̂  ±1, |z| < 1 . Moreover,

lim(l - z)Gk(z) = Sk
z—»1

holds (see (22)). Furthermore, it is easy to see that the series on the right side

of (64) converges absolutely if J2°/Lk+i lcfc,7'(<u)z'/'l < °°> especially if |z| < 1,

|cd| < 1, and the sequences u¡, Vj in ckj (see (16)) are bounded for j > k >
-1.

Remark 7. From Theorems 3-5 we immediately obtain more general versions

and supplements with shorter proofs of the following results which are proved

for real a„, b„, n > 0, in P. G. Nevai [7]: Theorem 40 (p. 143), Theorem
42 (p. 145), Theorem 12 (p. 12), Theorem 27 (p. 136), Theorem 29 (p. 137),
Theorem 34 (p. 140) and Corollaries 35 and 36 (p. 141). In particular, Theorem
2.7 (p. 13) in [1] follows directly from (54) and Theorem 5 (c).

5. The main results concerning continued fractions of type (7)

In order to obtain explicit results on the continued fraction (7) which are

analogous to those given for ( 1 ) in §3, we observe that all identities and estimates

in §2 remain valid if for a„, bn , and X we substitute functions a„(z), bn(z)

and X(z), n > 0, having the properties described below (7) in §1. We generally

refer to the notations following (7), especially to (8)—( 11) and also to

Remark 8. The point z0 £ S = X~x([-l, 1]) is a branch point of co(z) (ex-

tended onto G**) iff X(zo) = ±1 of odd order.
Assuming that (9) or (10) is valid, again the estimates (26), (27), (30), (41)

play a fundamental role. They now depend on z and the series in (25) and (29)

converge uniformly with respect to z in compact sets. After having substituted

the functions a„(z), b„(z) for the coefficients an, b„ , n > 0, in C(co) = So(co)

and D(co) = S-X(co) (see Corollary 1 and (22)), we will use the following more

detailed notation

(65) C(z, co) := C(co),        D(z, co) := D(w).

Then, using co(z) from (11) with \co(z)\ < 1 on each component of G*, we
define (see also (48), (50), (51))

(66) A(z):=2cb(z)C(z,w(z)),        B(z) := D(z, co(z))   for z e G*.
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For each z £ S with X(z) £ ±1 we can write

(67) co(z) = e^z)   with real û(z) ¿ kn, AeZ.

Then (40) in Corollary 2 yields

e/ö(z»C(z, i>,ö<z>)/)(z, e~m^) -e~iû^C(z, e-iû{z])D(z, eiû{z))

(68) =2sin,3(z)n(l-^))^0.
7 = 1

Next we want to define regions Go ̂  0, Go C G* which touch the cut S only

"from one side". By this we mean that G0 satisfies (see (49))

(69) 2(GoU(G0n5))cC*U[/   or    cC*UL,

where Go denotes the closure of Go in C. Sometimes Go c G* also is chosen

with the property

(70) A(GoU(G0nS))cC'UC/U{l,-l}    or    c C* U L U {1, -1} .

With these notations pendants of Theorems 1 and 2 can be formulated for the

continued fraction (7).

Theorem 6. Assume that (9) holds with R = 1 and that the region Go / 0,

Go C G* satisfies (69). Then the following statements are true.

(a) The explicit series representations for A(z), B(z), obtained from (66),

(65), Corollary 1, and (22), converge absolutely and uniformly on compact subsets

of Go U (Go n S). Hence, A(z), B(z) are holomorphic on Go and can be

extended continuously onto Go U (Go n S), having no common zeros there. If

B(z) ^ 0 on Go, then the continued fraction (7) converges uniformly on compact

subsets of G0\{z £ G0: B(z) = 0} to F(z) = A(z)/B(z). If B = 0 and, hence,

A^O on Go, then (7) diverges to oo on Go-

(b) For each fixed z £ S with X(z) ^ ±1 the continued fraction (1) diverges.

More precisely, if with co = el&^ from (67),

MZ(Q := 2(coC(z, to) - Çùb-xC(z, co~x))(D(z, cb) - ÇD(z, w"1))"1

denotes a Moebius transformation (in view of (6$)) in Ç, then the nth approxi-

mantof(l) at z equals Mz(e,2^n+X^z'>) + o(l), n —► oo. Hence, asymptotically

all approximants of'(7) lie on the image circle of the unit circle under the mapping

MZ(Q, which is a straight line iff \D(z, eid^)\ = \D(z, e-i&^)\.
(c) If (10) holds and if now the region Go has property (70), then part (a)

remains valid for this Go- Furthermore, for each z £ S with X(z) = ±1 (7)

now converges to F(z) = ±2C(z, ±l)/D(z, ±1), where C(z, ±1), D(z, ±1)

do not vanish simultaneously.

Proof. Using (66), (65), and the fact that cb(z) from (11) satisfies \cb(z)\ < 1

for z £ Go and \co(z)\ = 1, cb(z) ^ ±1 for z £ Go n S, the proof follows by

substitution of a„(z), b„(z), X(z), co(z) for a„, bn, X, co in (2), (14), (16)-

(18), Lemma 1, (21), (22), (24), (25) for R = 1, (26), (27), Corollary 1, and
Lemma 6. This yields (a). Moreover (b) is obtained by using, in addition,

(14), Corollary 2, especially (39) and (40). In (c), co(z) = ±1 is allowed for

z 6 Go n S and the proof follows from (28), (29), Lemma 3, especially (30),
Corollary 2(e), (14), and Lemma 6.
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For R > 1 we define

(71) S(R) := X~X(E(R)) c G,     where E(R) is the ellipse (6).

Theorem 7. Assume that (9) holds for some R > 1. Let G*, be a fixed component

of G* and Gq* the largest subregion of G** with G*, c Gq* such that no point

ofG*0* lies above S(R) but the boundary dRG*0* :=dG*.*nG** of G*,* on G**
lies above S(R) (see (71)).

Then the following statements are true.

(a) The explicit series representations for A, B obtained from (66), (65),

Corollary 1 and (22) converge absolutely and uniformly on compact subsets of

Gq*u8rGq* . Hence, A, B can be extended analytically from Gq across S into

Gq* and continuously onto Gq* U ôrGq* having no common zeros there.

(b) The branch points of co(z) in (11) also are algebraic first order branch

points for the extended meromorphic function (see (1)) F(z) = Â(z)/B(z), pro-

vided Ê ^ 0 on Gq. At each zo £ S with X(zo) = ±1 of even order Â and B

consist of two separate holomorphic branches in a neighbourhood of z0.

(c) If (9) holds for all R > 1, then from each component of G* Â and B
can be extended analytically across S into the whole Riemann surface G**. If

B ^ 0, then F is meromorphic on G**.

Proof. Using (66), (65), and the fact that now co(z) from ( 11 ) satisfies \co(z)\ <

1 for z £ G*0 \co(z)\ < Rxl2 for z e G*0* and \co(z)\ = Rx'2 for z £ dRG*Q*, the

proof of (a) follows again by substitution of a„(z), bn(z), co(z) for an,bn, co

in (16), (23), (25), Lemma 5, especially (41), Corollary 3, and Lemma 6. (b) At
each zo £ S with X(zq) = ±1 of even order co(z) has two separate holomorphic

branches in a neighbourhood of z0 .

Remark 9. Obviously an analogue of (42) or (53) easily can be formulated for

A,B.
The next theorem generalizes Theorem 7, since it may lead to larger subro-

gions of G** into which analytic extension of A, B is possible.

Theorem 8. Suppose that (9) holds with R = 1. Let G* be a fixed component

of G*. Moreover, let G\* be a subregion of G** and //** a subset of G** such

that G* c G** c //,** c G** and that
OO

(72) E(K'(Z) - !/4l + \bj(z)\)\cb(z)\2J < (X)
7 = 1

holds uniformly on compact subsets of //**, where co(z) from (11) is assumed to

be extended analytically onto G** vvz'zA |¿>(z)| < 1 for z £ G* and co(z) ^ ±1

for z £ //**.

Then the explicit series representations for A(z), B(z) obtained from (66),

(65), Corollary 1 and (22) converge absolutely and uniformly on compact subsets

of //**. Hence, A, B can be extended analytically from G* across S into G**

and continuously onto //** having no common zeros there.

Proof. Let ckj(z,co), Sktr(z,co) be obtained from Ckj(co) in (16) and

Sk,r(<¿>) in (21) by substituting an(z), b„(z) for an = (1 -vn)/4, bn = un/2.

Then (16) yields for z £ //** and j > k > -1,

\ckJ(z,cb(z))\<\l-(co(z))2\-xykj(z),
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where for \co(z)\ > 1,

yk,}(z):=\co(z)Uj(z)\(l + \cö(z)\2^)

+ \œ(z)\2\Vj(z)\(l + \cb(z)\^-k-x'),

and for |c_>(_r)| < 1 (see (24)) yk j(z) := 2(\Uj(z)\ + \Vj(z)\). Then, because

of (9) with R = 1 and (72), p*k(z) := E£*+i Ä./U) < oo and p*k(z) \ 0
for k / co hold uniformly on compact subsets of H**. Using the recursive

definition (21) of S*,, one proves by induction on r that, in analogy with (41)

in Lemma 5,

\Sk,r(z,Cb(z))\ < \l-(cb(z))2\-'p*k(z)P*k+x(z).-.p*k+r^(z)

holds for all z 6 //**, k > -1, r > 1. Then also

OO

Y,\^-(co(z))2\-rpl(z)pl+x(z)---P*k+r_x(z)<^
r=\

is valid uniformly on compact subsets of //**, and the assertion now follows as

in the proof of Theorem 7. That A, B do not vanish simultaneously on //**

follows, by substitution, from (43) in Lemma 6 or from Remark 4.

6. The main results concerning general F-fractions (12)

We now are going to apply Theorems 6 and 7 to general limit periodic T-

fractions T(z) defined in (12) and satisfying (13). For all pairs c, d £ C we

will describe explicitly the cut ScC, being the boundary of the convergence

region C\S of (12) and, if (13) holds for some R > 1, we will derive explicit

parameter representations for the boundary curves S(R) up to which mero-

morphic extension of T(z) across S1 is possible. For partial results obtained

so far we refer to [4, 5, 9, 11, 12, 13, 14].

Remark 10. If c = 0, then Worpitzky's Theorem (see [6, 8, 15]) implies that
(12) converges and T(z) is meromorphic on C (or C\{-l/d}) incase „ = 0
(or d ¿ 0).

Therefore, we will always assume c^O. Next, we have to apply an equiva-

lence transformation to (12) in order to obtain a continued fraction of type (7)

to which Theorems 6 and 7 are applicable.

If d = 0, then we can assume w.l.o.g. that c = 1/4 (otherwise replace z by

z/4c). In this case (12) is equivalent to (z / 0),

z~ xl2 cx c2

(73) T(Z)= z-1/2 + ¿oZl/2_2-l/2 + ¿lZl/2_z-l/2 + ¿2Zl/2_-"-

Observe, that the value of this continued fraction is independent of the chosen
branch of zx¡2 and z~xl2 := (zxl2)~x . We then can apply Theorems 6 and 7

to (73), if we choose a single-valued branch of zxl2 for z £ G := C\L, where

L is an arbitrary fixed ray from 0 to oo . Except for the first partial numerator

z~x¡2, (73) then is of type (7) with a„ := cn, n > 1, bn(z) := dnzxl2, n > 0,

X(z) := z~x<2 , z £ G, such that (9) is satisfied on G with the same value of R

as in (13).
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If d t¿ 0, then we can assume w.l.o.g. that d = 1 (otherwise replace z by

z/d). In this case (12) is equivalent to (z ^ 0),

T(z) = (4cz)-x¡2_cx I Ac

K '     (4cz)-^2 + do(z/4c)xl2-(4cz)-V2 + dx(z/4cfl2

' c2/4c

- (4cz)-'/2 + „2(z/4c)i/2_""-

Again the value of this continued fraction is independent of the chosen branch
of (4cz)~xl2 and (z/4c)1/2 := z(4cz)-1/2. We then can apply Theorems 6

and 7 to (74), if we choose a single-valued branch of (4cz)-1/2 for z £ G :=

C\L, where L is an arbitrary fixed ray from 0 to oo. Except for the first

partial numerator (4cz)~x/2 (74) then is of type (7) with an := cn/4c, n > 1,

bn(z):=(dn-l)(z/4c)x'2, n>0,

X(z) := c-xl2(zx'2 + z-x>2)/2 = (z/4c)x'2 + (4cz)~x'2,        z£G,

such that (9) is satisfied on G with the same R as in (13). Observe that

here X(l/z) = X(z) and X'(z) ^ 0 for z ^ 1. Always -I £ S holds, since
A(-l) = 0.

Altogether we thus obtain the following result. If (12) satisfies (13), then all

statements of Theorems 6 and 7 are valid for the special continued fractions (73)

and (74). Therefore all statements of Theorems 6 and 7 concerning convergence,

divergence, meromorphic extension across S and continuous extension up to

the boundary described by S(R) also are valid for the continued fraction (12)

and T(z), where now G = C\L can be replaced by C again. What remains

to be done in the following theorems is to determine explicitly S in (8) and

S(R), R > 1, in (71) for X(z) = z~xl2 in case d = 0, c = 1/4 and for
X(z) = c~xl2(zxl2 + z"'/2)/2 in case d=l, c£C, c^O.

Theorem 9 (Determination of S). Assume that (12) satisfies lim,,-^ cn = c £ C,

c ^ 0, and lim,,-,^ d„ = d eC Then the following statements are true.

(a) If d = 0 and (w.l.o.g.) c = 1/4, then S = [1, oo) c 1+ .
(b) Let c £ C and d = 1 (w.l.o.g. if d ^ 0). Then always -1 e S =

{(tcxl2 + (t2c - l)x¡2)2: - 1 < t < 1} holds. In (b,), (b2), (b4) below all
square roots are > 0.

(bt) If d = 1, c <0, then

S = [-((|c| + l)x'2 + \c\x>2)2, -((\c\ + 1)1/2 - |c|1/2)2] c IT .

(b2 ) If d = 1, 0 < c < 1, then S is the subarc of the unit circle which
contains -1 and has the endpoints (c1/2 ± z'(l - c)1/2)2.

(b3) If d= 1, c= I, then S = {z£C: \z\= 1}.
(b4) If d=l, c> I, then S = IU {z £ C: \z\ = 1},

where I:=[(cxl2-(c-l)xl2)2,(cxl2 + (c-l)xl2)2]cR+ with le/.

(b5) If d = I, c = \c\eiy with 0 < y < n, then S c S?, where S? :=
{z = re'¥: r = r(ip) = sin((^ + y)/2)/sin((^ - y)/2), y < ip < 2n - y} is

a trigonometric spiral (being independent of \c\). For y < y/ < 2n - y, r(ip)

strictly decreases from oo to 0. S is the subarc of S7 which passes through -1

and has the endpoints r(i//o)e'¥o, r(2n - y/o)e~'v'0, where cos \p0 '■= \c\ - \c - I \,

y < \po < n (observe \ \c\-\c- 1| | < 1, since Imc > 0). If d = 1 and Imc < 0,
then a result holds which is symmetric to the previous one.



208 HANS-J. RUNCKEL

Proof, (a) Put z = re"", r > 0, y/ £R. Then X(z) = z~xl2 = r-x/2e-^/2

and z e S iff ImA(z) = 0 and |Re/l(z)| < 1, i.e., iff sin^/2 = 0 and
r~x/2\cosy//2\< 1. Hence, S = [l,oo).

(b) Solving the equation X(z) = t, i.e., c~xl2(zxl2 + z~xl2)/2 = t, for z

yields z = z(t) = (tcx'2 ± (t2c - l)x'2)2 = c(t ± (t2 - c~x)xl2)2. Then S =

\z(t): -1 <t< 1} and z(0) = -l.
(bi) If c<0,then z(í) =-(í|c|1/2±(í2|c| +1)1/2)2. Hence, 5" is the closed

interval cl" with endpoints z(±l) = -(\c\xl2 ± (\c\ + 1)1/2)2.

Next, c> 0 yields z(i) = (tcxl2 ± i(l - i2c)'/2)2, -1 < f < 1.

(b2) If 0 < c < 1, then 5e is an arc of the unit circle with endpoints z(±l).

(ba) If c = 1, then S is the whole unit circle, since then z(±l) = 1 .

(b4) If c > 1, then z(z) describes the whole unit circle for -c~xl2 < t <

c-x'2 < l(z(±c-'/2) = 1), and for c~xl2 < \t\ < 1, z(t) = (tcx'2 ± (t2c - l)x'2)2

describes the interval c R+ which intersects the unit circle in z = 1 and has

endpoints z(±l).

(ba) In this case we again put z = re"" , r > 0, \p £ K, and then determine

S by substituting

X(z) = c-x'2(zxl2 + z~x'2)/2 = ±(rl'2ei^-^2 + r-x^2e-^+^2)/2\c\x/2

in the conditions ImX(z) = 0,  \ ReX(z)\ < 1. This yields

r = r(yt) = ún.((y/ + y)/2)/sin((y/ - y)/2)

= siny(ctgy + ctg((y/ - y)/2)) > 0

and r'(ip) < 0 for y < ip <2n - y. Next, (ReA(z))2 < 1 is equivalent with

rcos2((^ - y)/2) + 2cos((^ - y)/2)cos((ip + y)/2)

+ r~x cos2((y/ + y)/2) < 4\c\.

Here we substitute the value r = r(ip) obtained above and multiply by

sin(((í/ + 7)/2)sin((tí/-7)/2)>0.

Then we obtain equivalently

(sin((ip + y)/2)cos((H/ - y)/2) + sin((^ - y)/2)cos((^ + y)/2))2

< 4\c\ sin((v/ + y)/2) sin((ip - y)/2)

or sin2 y/ < 2|c|(cos y - cos y/). Adding cos2 y/ + \c\2 - 2\c\ cos y on both sides

yields 1 - 2\c\ cos y + \c\2 < cos2 y/ - 2\c\ cos y/ + \c\2, or \c - 112 < (cos y/ - \c\)2 ,

or \c - 11 < | cos y/ - \c\ |. This is equivalent with cos y/ - \c\ < -\c - 11, since

cosí// - \c\ > \c - 1| cannot hold because of \c\ + \c - l\ > 1 for Imc / 0.
Hence, S is the subarc of Sy which is described by cosy/ < \c\ - \c - l\ and

y < y/ < 2it - y, or by ^o < ¥ < ^n - ¥a » where y/o is the unique solution

of cos ̂ 0 — lcl - Ie _ 11 and y < y/o < n (always | \c\ - \c - 111 < 1 holds for
Imc^O).

For R > 1 we now define

r75, a:=(R + R~x)/2, b := (R-R~x)/2, implying a> 1, A>0,
1    ' and a2 - b2 = 1 (see (6)).

Theorem 10 (Determination S(R)). Assume that (12) satisfies (13) for some

R > 1. Then the following statements are true.
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(a) If d = 0 and c= 1/4, then (see (75))

S(R) = {z = reiv : r = r(y/) = 2(a-cosy/)/b2,0 < yi <2n}   and   r'(y/)>0,

for 0 < y/ < it. For large R S(R) is almost a circle of radius 4/R around

0. The endpoints of S = [1, oo) are first order algebraic branch points for the

extended meromorphic function T(z), provided T ^ oo.

(ß) If d = 1  and c = \c\eiy ^ 0,  y £ E, then S(R) consists of 2 curves
given by

S±(R) := {z = r_«?<>: r± = r±(y/) = P±(ip)/Q(y/), ipx < y, < 2n - y/x},

where (see (15)) Q(y/) '■= 2|c|(„-cos(^-y)) > 0 and, with p := a\c\ + \c-l\ > 1,

q := a\c\ - \c— 1| > — 1,

P±(V) '•= sin2 y/ + (b\c\ ± ((p - cos(z/)((jr - cosíz/))1/2)2,        y/x < y/ < 2n - y/x.

If q > 1, then y/x := 0 and if q < I, then y/x denotes the unique solution of

cos y/x = q, 0 < y/x < n.
Always r+(y/) > r_((//) > 0 holds for y/x < y/ < 2it - y/x.
If q < 1, then 0 < y/x < it, r+(y/x) = r-(y/x) > 0, r+(2n-y/x) = r^(2n-y/x) >

0.
If q = 1, then y/\=0, r+(0) = r+(2n) = r_(0) = r_(2?r) > 0.
If q > 1, then ^i = 0, r+(0) = r+(2n) > r_(0) = r_(2n) > 0.
For large R, S+(R) and S-(R) are almost circles of radius \c\R and l/\c\R

respectively. If c = 1, then r+(y/) = R and r_(y/) = l/R for 0 < y/ < 2it.
Always S (see Theorem 9(b)) lies in the region between S+(R) and S-(R).

For c t¿ 1 the endpoints (cxl2±(c-l)xl2)2 of S are first order algebraic branch

points for the extended meromorphic function T(z) and for c> 1 (see Theorem

9(b3), (b4)) 1 £ S holds with X(l) = ±1 of order two (see Remark 8) and
the extended function T(z) consists of two separate meromorphic branches in a

neighbourhood of z = 1, provided T ^ oo.

Proof. Put z = ré>'>, r = r(y/) > 0, y/ £ 1. By (71), z e S(R) holds iff
X(z) £ E(R) in (6).

(a) Substituting X(z) = z~xl2 = r-V2e-'v/2 for X in (6) yields the linear

equation for r :

(R-2 + R~x)cos2(y//2) + (R + 2 + R-x)sin2(y//2) = (R- R~x)2r/4,

from which the assertion follows immediately in view of (75).

(ß) We substitute

X(Z) = C-XI2(ZX'2 + Z-X'2)/2 = ±^ße'(W-y)/2 + r-l/2e-^+y)/2)/2|c|l/2

for X in (6) and obtain

(rx'2 cos((^ - y)/2) - r~xl2 cos((^ + y)/2))2(R - 2 + /?"')

+ (rx'2 sin((^ - y)/2) - r~x'2 sin((^ + y)/2))2(R + 2 + R~x) = \c\(R - R~x)2 .

This yields the quadratic equation for r: r2-2ru+v = 0 with solutions r±(y/) =

u(y/) ± (u2(y/) - v(y/))xl2, where with (75)

u(y/) := (cosy - a cos y/ + \c\b2)/(a - cos(^/ - y)),

v(y/) := (a - cos(y/ + y))/(a - cos((z/ - y)).



210 HANS-J. RUNCKEL

Then u2-v = b2((a\c\-cosy/)2-\c-l\2)/(a-cos(y/-y))2 and the numerator

of u can be written as

((a\c\ - cos y/)2 -\c-l\2 + sin2 y/ + \c\2b2)/2\c\.

Therefore, r±(y/) = P±(y/)/Q(y/) holds with Q(y/) := 2\c\(a - cos(y/- y)) and

P±(V) '■= (a\c\ -cos^)2 - \c - l\2 + sin2 y/ + b2\c\2

± 2A|c|((_|c| - cos y/)2 - \c - 1|2)1/2

= sin2 y/ + (b\c\ ± ((a\c\ - cos y/)2 -\c- 1|2)1/2)2.

This and (a\c\-cosy/)2-\c-l\2 = (p-cosy/)(q-cosy/) yield the formula for

P±(y/) as asserted in part (ß), where p := a\c\ + \c- 1| > |c| + |c- 1| > 1, since

a > 1, and q := a\c\-\c-l\ > -1, since í7+|c-1| + 1 = _|c| + l > |c| + l > |c-l|.
Next, we observe that P±(n) > 0 and, provided q > 1, F±(0) > 0, since

otherwise by means of (75) (a\c\±l)2-\c-l\2 = b2\c\2 or ±Rec = „|c| would

follow, which is impossible because of a > 1. Since generally (x+y)2 > (x-y)2

holds for x, y > 0, the rest of the assertion of (ß) follows from the above

explicit representation of P±(y/) as sum of 2 squares of real expressions.

Remark 11. If in Theorem 10(/?) we solve the equation X(z) = t, t £ E =

E(R) (see (6)) for z, we obtain the parameter representations

z±(t) = (tcx'2 ± (tcx'2 - l)1/2(ic1/2 + l)x'2)2,        t£E,

for the two curves S±(R). Furthermore, it follows easily, that in Theorem

10(/3), q>l,q=l,orq<l holds iff ±c~x/2 are inside E, on E or

outside E.

Remark 12. If Theorem 8 is applied to the continued fractions (73) and (74),

more general meromorphic extension results concerning T(z) in (12) may be
obtained.

We conclude our considerations with the following example. Assume that in

(12) c„ = dn = 1 holds for n > 2. Then c = d = 1 and Theorem 9(b3) is
applicable. In this special case it is easy to compute T(z) and its approximants

directly for \z\ < 1 and \z\ > 1, being the 2 components of G* = G\S,

where G = C and S = {z £ C: \z\ = 1}. But, as an illustration, we want to

compute T(z) for \z\ < 1 and \z\ > 1 and its meromorphic extension across

\z\ = 1 by applying Theorem 7 to (74), which is equivalent to (12). To be

precise one should use a single-valued branch of zx¡2 and z~xl2 = (zxl2)~x on

C\L, where L is an arbitrary fixed ray from 0 to oo, which at the end of our

consideration can be deleted again, since the value of T(z) is independent of

the chosen branch of zx¡2. Then in (74), bn = 0, an = 1/4 for n > 2, and

hence v„ = 1 - 4„„ = 0, un = 2b„ = 0 for n > 2. Moreover, vx = 1 - cx,
un(z) = (d„-l)zx>2 for n = 0, 1 and X(z) = (zxl2 + z~xl2)/2.

In this special case (21), (22), and Corollary 1 yield

' C(a») = 1 + Co, i = 1 + coui,

(76) i D(co) = 1 +c_ijo + c_i,i +c_i;0Co,i

= 1 + couo + (coux( 1 + w) + wvx) + wu0ux,

and (11) yields co(z) = zxl2 for \z\ < 1, and co(z) = z~x¡2 for \z\ > 1,

implying \co(z)\ < 1 in both cases.
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For \z\ < 1 we then obtain from (66) and (76)

Í(z) = 2z1/2(l + (c/1-l)z)^0

and

B(z) = (l+d0z)(l + (_, - 1)_) - cxz =É 0,

where A(z), B(z) have no common zeros. Hence, (see (74))

T(z) = (4z)-xl2Â(z)/B(z)

= (l + (dx-l)z)/((l+doz)(l + (dx-l)z)-cxz)   for\z\< 1.

In accordance with Theorem 7(c), T(z) can be extended meromorphically from

\z\ < 1 onto C.

For |z| > 1, (66), (76), and co(z) = z~xl2 yield A(z) = 2z~xl2dx , B(z) =

dx(do + z~x)-cxz-x. If here dx =0, then Â(z) = 0 and B(z) = -cxz~x ¿0

for \z\ > 1. If „o = 0 and dx = cx ± 0, then B(z) = 0 and Â(z) ¿ 0 for

\z\ > 1. If B(z) =i 0, then (see equation (74)) T(z) = (4z)~x/2A(z)/B(z) =

dx/(dx(l + doz) - cx) for \z\ > 1 and in accordance with Theorem 7(c) T(z)

can be extended meromorphically from \z\ > 1 onto C.
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