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MEROMORPHIC EXTENSION OF
ANALYTIC CONTINUED FRACTIONS
ACROSS THEIR DIVERGENCE LINE WITH APPLICATIONS
TO ORTHOGONAL POLYNOMIALS

HANS-J. RUNCKEL

ABSTRACT. For the limit periodic J-fraction K(—an/(A + bn)), an, bn € C,
n € N, which is normalized such that it converges and represents a meromorphic
function f(4) on C* := C\[-1, 1], the numerators 4, and denominators B,
of its nth approximant are explicitly determined for all n € N. Under natural
conditions on the speed of convergence of an, b,, n — oo, the asymptotic
behaviour of the orthogonal polynomials By, A,,; (of first and second kind)
is investigated on C* and [—1, 1]. An explicit representation for f(4) yields
continuous extension of f from C* onto upper and lower boundary of the cut
(=1, 1). Using this and a determinant relation, which asymptotically connects
both sequences A,, B, , one obtains nontrivial explicit formulas for the ab-
solutely continuous part (weight function) of the distribution functions for the
orthogonal polynomial sequences By, 4, , n € N. This leads to short proofs
of results which generalize and supplement results obtained by P. G. Nevai [7].
Under a stronger condition the explicit representation for f(4) yields meromor-
phic extension of f from C* across (—1, 1) onto a region of a second copy of
C which there is bounded by an ellipse, whose focal points +1 are first order
algebraic branch points for f . Then, by substitution, analogous results on con-
tinuous and meromorphic extension are obtained for limit periodic continued
fractions K(—an(z)/(A(z) + ba(z))), where an(z), bn(z), A(z) are holomor-
phic on a region in C. Finally, for T-fractions T(z) = K(—cnz/(1 + dnz))
with ¢, — ¢, dyn — d, n — oo, the exact convergence regions are determined
for all ¢,d € C. Again, explicit representations for 7(z) yield continuous
and meromorphic extension results. For all ¢, d € C the regions (on Riemann
surfaces) onto which T(z) can be extended meromorphically, are described
explicitly.

1. INTRODUCTION AND BASIC NOTATIONS

The main goal of this paper is to describe a general method of analytic contin-
uation of meromorphic functions beyond the region in which they are defined by
a convergent limit periodic analytic continued fraction. We first consider limit
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periodic analytic continued fractions of the following special type (J-fraction)
1 a a
1 A) = ...
) f@) A+by—A+bi—A+b—

where a,, b,—; € C, a, # 0 for n € N and lim,_, a, = 1/4, lim,_, b, =0.
If, more generally, lim,_,,.a, = a # 0 holds, then a suitable equivalence
transformation and variable substitution reduces (1) to the case a = 1/4. As
usual we put for n > 1 (ag:=1),

An(4)/Bn(4) :

- il @ G
_).+b0—/1+b1—2.+b2— - A+byy’
where A, , B, are polynomials in A of degree n—1 and n respectively, which
for n > 1 satisfy
(2) { An+l =('1+bn)An_anAn—l, A0:0a Al = la

Bui1 = (A+bn)By — anBy_y, By=1, By =A+b.
It is well known (see [6, 8, 15]), that under the above conditions the right side
in (1) converges and represents a meromorphic function
f(A) = lim 4,(2)/Bn(4)

in C*:=C\[-1, 1] with f(c0) =0. In this paper we assume that (1) satisfies
the additional condition

3) > (laj — 1/4] +|bj|)R/ < 0o for some R> 1.
j=1

Sometimes we also will use the following condition

4) > Jllaj = 1/4]+1bs]) < oo.

j=1

Now the substitution 4 = A(w) = (w + 0 !)/2, w € C, w # 0, maps
0 < |w| <1 as well as |w| > 1 conformally onto C* and |w| = 1 bijectively
onto both (upper and lower) boundaries of the cut [—1, 1]. We define as inverse
function of A(w),

(5) w=w@A)i=i-A-D2=(@A+1)12-A-1)"22,  AlecC,

where the roots are chosen to be > 0 for 4 > 1. Then |w(4)] < 1 holds
for A € C*. Let C** be the complete 2-sheeted Riemann surface obtained by
analytic extension of w(4) from C* across [—1, 1] into a second copy of C.
Then always |w(A)| > 1 holds in the second copy of C\[-1, 1].

In §2, Lemma 1, explicit formulas for 4,(A(w)), B,(A(w)) are derived in
terms of w, which together with (5) yield an explicit solution of the difference
equation (2). Under the conditions (3) or (4) the asymptotic behaviour of
Ayn, By, as n — oo, via (14) is determined in Corollaries 1 and 2 and Theorem
5. In §3, Theorems 1 and 2, the main results concerning continued fractions
of type (1) are presented. If (3) holds with R = 1, then the results of §2 lead
to explicit series representations of holomorphic functions A(4), B(4) such
that for A € C*, (1) converges to f(A) = A(1)/B(4). Foreach 1€ (-1, 1) the
asymptotic behaviour of A4,(4)/B,(4), n — oo, explicitly reveals the divergence
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of (1). If (3) holds for some R > 1, then A(4), B(A) yield the meromorphic
extension of f(A) from C* across [—1, 1] into a subregion of the Riemann
surface C** of w(4) which is bounded by the ellipse |w(4)] = R'/?, or explicitly

(6) E(R):={A€C: (Rei/(R?+ R?)2 + (ImAi/(RV? - R™1/?))? = 1/4},

whose focal points +1 are algebraic branch points of order 1 for f(4). If, in
particular, (3) holds forall R > 1,then f(A) can be extended meromorphically
onto the complete Riemann surface C**.

In §4, Theorems 3-5, B,(4), and A,.;(4), n > 0, are considered as or-
thogonal polynomial sequences of first and second kind. Under the conditions
(3) with R =1 or (4) their asymptotic behaviour, as n — oo, on C* and on
[-1, 1] as well as generating functions are derived from the results of §2. The
behaviour on [—1, 1] essentially depends on the fact that A(A), B(4) can be
extended continuously from C* onto upper and lower boundary of (-1, 1).
Applying the asymptotic formulas to a Wronskian-type relation which connects
both sequences A,, B, one obtains the identity (52) in Theorem 1. This iden-
tity connects an integral representation for f(A), A € C*, with nontrivial ex-
plicit representations for the absolutely continuous parts of the distribution
functions for both orthogonal polynomial sequences B,(4), An+1(4), n > 0.
The results of Theorems 3-5 generalize and complement results of P. G. Nevai
[7] on orthogonal polynomials with real a,, b, .

In §5 general limit periodic analytic continued fractions

B 1 ai(z) a(2)
(7) F ) = T b(5) - 12) + bi(2) - 32 + ba(7) -

are considered, where we assume that a,(z) # 0, b,_1(z), n > 1, and A(z) are
holomorphic functions of z on a region G C C, such that lim,_, b,(z) = 0
and lim,_ an(z) = 1/4 hold uniformly on each compact subset of G. If,
more generally, lim,_,., a,(z) = a(z)/4 # 0 holds on G, then an equivalence
transformation applied to (7) yields

_ a2 ala ala;
T a 23+ a2y~ a12A + a='2b; — a=1/2) + a~112b, —

which, except for the first partial numerator a~!/2, is a continued fraction
of type (7), its value being independent of the chosen branch of a~!/2. Of
course, now lim,_ . a"!'a, = 1/4 holds uniformly on compact subsets of
G\{zeros of a(z)}.

We now define the open set

(8) G* :=G\S, whereS:={zeG:4A(z)€e[-1,1]}.

Here G* = @ holds iff A(z) is a constant € [-1, 1]. We always assume
G* # 2. Then G* is an at most countable union of disjoint regions # &,
the components of G*. Under the above conditions on each component of G*
the right side in (7) converges and represents a meromorphic function F(z) or
tends to oo. In analogy with (3) we assume in this paper that (7) satisfies the
condition

F(z)

9) >72i(laj(z)=1/4|+|b;j(2) )R’ < oo uniformly on each compact
subset of G for some fixed R > 1.
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Sometimes we also will use the following condition

(10) Y 1J(laj(z)—1/4]+|bj(z)]) < co uniformly on each compact
subset of G.

On each component of G* we define (see (5))

(11) @(z) == w(A(2)) = A(z) - (A*(2) - )72,

where again (A2 — 1)!/2 is chosen to be > 0 for A > 1, A € C*. Then
0 < |@(z)| < 1 holds on each component of G*. Let G** denote the 2-sheeted
Riemann surface of @(z) over G, obtained by analytic extension of @ from
each component of G* across the cut S into a second copy of G. Thus,
whenever z crosses S, @(z) crosses |w|=1.

Then in Theorems 6 and 7, the main results concerning continued fractions
of type (7), F(z) is represented as A(z) /§(z) , where the holomorphic func-
tions 4, B are obtained from the explicit series representations for A(A), B(A)
in §3 by substituting a;(z), bj(z), A(z) for a;, b;, A. In analogy with the re-
sults of §3 one obtains detailed information concerning convergence of (7) on
G*, divergence on S and meromorphic extension of F(z) from G* across S
into G**. If, in particular, (9) holds for all R > 1, then F(z) can be extended
meromorphically from each component of G* on which B # 0 onto the com-
plete Riemann surface G**. An even more far-reaching main result is obtained
in Theorem 8.

Finally, Theorems 6 and 7 will be applied in §6 to general limit periodic
T-fractions
1 1z 2z
(12) T(Z)—1+d02—1+d|z—l+dzz—”

where ¢,,d,_1 €C, ¢, #0, n>1, lim,_ ¢y, =:¢c € C and lim,_, d, =:
d € C, such that

oo
(13) Y (lej—¢|+d; — d|)R/ < o holds for some R > 1.

j=1

)

In Theorems 9 and 10, the main results concerning continued fractions of type
(12), all possible combinations of ¢, d € C are reduced to 6 special cases. In all
these cases the divergence line S of (12) and, if (13) holds for some R > 1, the
boundary curves S(R) of regions into which meromorphic extension of T'(z)
across S is possible are described explicitly.

The method of meromorphic extension developed in the present paper gen-
eralizes and also simplifies a method used by the author in [9, 11] in the special
case of (1), where all b, =0 and in the special case of (12) where all d, =0.

Another method of meromorphic extension which is entirely different from
the one used in the present paper is the general method of “modified” continued
fractions developed and investigated in the work of Gill [3], Jacobsen [4, 5],
Thron and Waadeland [13, 14].

It seems that, under the assumption (13) for some R > 1, this method so
far has only been applied in [14] to the special case of T-fractions (12) where
¢ =d = 1, the result obtained there being identical with the one derived in
Theorem 10 below, and to the case, where all d, = 0 and ¢ # 0, when (12)
is a regular C-fraction. In this case an explicit formula for the boundary curve
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S(R) was already given in [9] and is again derived in Theorem 10 for the general
case d =0, c #0. It seems that the same curve S(R) is obtained in [14] but
in an implicit form.

In his Ph.D. thesis [12] Schlierf has applied the method of “modified” con-
tinued fractions, under the assumption (13) for some R > 1, to other cases
of (12) (essentially d = 1 and ¢ € R). These results turned out to be not
as far-reaching and explicit as the corresponding results of Theorem 10 below.
Even in the special case when (13) holds for a// R > 1, this method only yields
meromorphic extension of 7°(z) across S into a proper subregion of the com-
plete Riemann surface onto which extension then actually is possible according
to Theorem 10.

2. FURTHER NOTATIONS, AUXILIARY FORMULAS AND MAIN LEMMAS

In order to determine A,, B, in (2) explicitly for all n we use the substitu-
tion A = A(w) = (w+ w~')/2 and define for n >0, w € C,

{ Cn = Cp(w) := (1 — 0H)(2w)" ' 4,(A(w)),
Dy = Dy(0) = (1 — ©*)(20)" Ba(A(®).
Substituting this into (2) and using u, := 2b,, n > 0, v, :== 1 — 4a, or
a, =(1-v,)/4, n>1, we obtain
Crs1 = (@* + 1 + up0)Cyp — 0*(1 = 0,)Cr_y,
Dyyy = (w + 1+ u,w)Dy, — w2(1 = Up)Dp—y,
orwith w:=w?, weC, vy:=0
Cn+] —Cn :w(Cn_Cn—1)+uann+vann_], n Z 1,
(15) Dn+1—Dn=w(Dn—Dn—l)+unan+vnu7Dn—l’ n>0,
C0=D_1 I=0,C1 =D0:=1—w
We now want to determine explicitly the two linearly independent solutions
C., D,, n>1, of the difference equation (15).
Throughout this paper we will use the following fundamental definitions. Let
j,n,r,k+1€eNy and w € C. Then we define
(16) _
 j(w) = (1 —w) Hwu;(1 —w/=%) + wo;(1 —w/=*k=1)) for j>k > -1,

with uj:=2b;, j>0, vj:=1-4a;, j>1, v9:=0, w:=w?,
and ¢, j(£1) =+ - ku; + (j -k - Dv;,

(14)

S,(("’)O(w) :=1-w"*k forn>k>-1and

(17)
SP (@)=Y a (@S (@) forr>1, k>-1, n>k+r,
Jj=k+1
or explicitly
( n—r+1 n—r+2 n—1
n) “Ar
Si Z Ck, jy Z Ciis iz Z Cajs " Z v (T —w"™)
Ji=k+1 J2=j1+1 J3=ja+l Jr=jr—1+1
= > Ch jyCiro ™ Gy g (L= W),

k<ji<ja<--<jr<n
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with jo =k, if r = 1. Furthermore, we define

n—k-—1
(18) SP(w):= Y S (w) forn>k>-1,
r=0
or explicitly
n—k—1 4
(19) Sl(c”)(w) = ]_wn_k+ Z Z ck,jucjh}'z"'er—l,jr(l“wn_h)-

r=1 k<ji<jy<-<j,<n
Using these notations we will now prove

Lemma 1. Forall n > 1 Cy(w) = S(()")(w) and for all n >0 D,(w) = S(_"l)(w)
hold.

Proof. Put t; := wu;Cj + wv;Cj_; for j > 1. Then the first equation of
(15) becomes Cj,; —C; = w(C;j —Cj_;)+¢;, j > 1. Summing from j =1
to j=n-1 and using Cy =0 yields C, = wC,_; + C; +Z;’=_,1 ti, n>2.
Substituting this expression into itself for n—1, n—2, ... yields after k < n—1
steps Cp = wKCp_i+1—wk+ 3% _ wr-! Yi-{ tj. With C; = 1-w we obtain
for k=n-1

n—j

n—1 n—v n—1
Co=1-w'+> w Y f=1-w"+d ;Y w',
v=I j=1 j=1  w=l

or with (17)
n—1 )
Co=1-w"+> t;(1-w"/)(1-w)™
j=1
(20) )
=Sy + Y S -w)™t, nx2.

j=1

For n =2, t;(1 —w)~! = ¢y,; holds and therefore C, = S0 0 +S = S(Z)
follows with (18). Assume now that for some r>1 and all n>r,

Cn= ZS((,"),, + Z 4S8 _ (1 —w)™!

is already proved. We now consider the second sum only. Here we substitute
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(20) for C;j_; and C; in ¢t; and use (16), (17), (18). Then

n-r
Zt, f"), (1—w)~! =Z(wujCj+wijj_1)S§f),_l(l —w)~!
j=1
- j-1
= Z (am, (1 —w/ + ) (1 -w/ )1 —w)")
j=1 k=1
j=2
+wv; (1 —w T Y (1 —w TN —w)-1)>sj">, (1 —w)™!
k=1
n—r n—rj—1
=ZCO,J' ”) l+zztkck1 i, r 1 (1-w )
j=1 j=2 k=1
n—r—1
_S(()n)r"'ztkzckj},]l_ )
Jj=k+1
n—r—1
=S+ Y nSU (1 —w)™!
k=1

Hence we have proved

n—r—1

C,,—ZS((,”,,+ Z 58S (1 —w)™! forn>r+1.

For r = n—2 this yields C, = 3)_ 2S(" + t.Sf"n ,(1 —w)~'. From (16)
and (17) 1n(1 - w)™" = ¢o,1 and tlSl,)n-—z(l -w)™! = ¢, Sinn 2 = S(()n)n—l
follow. Hence using (18) we have proved C, = 3_/_ SO”)V =S, " for n> 1.

Using D_, =0 instead of Cy =0, reasoning analogous to that above proves

D,=%7_ 0Sl,,—S for n > 0.

Our next goal is to study the asymptotic behaviour of C,, D,, as n — oo,
under the assumption (3) or (4). This requires further notations. For k+2 € N

we define
Sk ow):=1, andforr>1,
21 —
1) Ser@) = 3 (@) (@),
Jj=k+1
and
(22) Si(w) =" Sk (w)
r=0
or explicitly
Sk, r( Z Ck., ji Z Civia Z Ciy,jy= Z Cirmr v ir
Ji=k+1 =i+l =i+l Jr=jr-1+1
= Z Ck,jiCir . j2Ch2 s " Clrmt o de s

k<j1<ja<:-<jr<oo
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and
oo
Se(w)=1+) >, Ch, j1Cir s iaCir s et e -
r=1 k<jj<j<---<j, <00

Next, using the maximum principle, we observe that in case R > 1,
(23) ek, j(@)] < (R = 1) (juj|RV2(1+ RI7F) + uj|(R+ RI7H))
holds for |w| < RY?2, j>k>—-1,andincase R=1,
(24) ek, j(@)] < 21 = w|™! (|u;] + |vj])

holds for |w| <1, w# £1, j >k >—1. We assume that (3) holds and define
for k+2€N,

(25) Pi(R) := ) (|uj|R2(1 + RI7F) + |uj|(R + RI7¥)),
Jj=k+1

and observe that p,(R) \, 0 for k / oo. In particular

o]

pi(1) =2 )" (luj] + ;).

Jj=k+1

Lemma 2. Assume that (3) holds with R = 1. Then the following statements are
true.
(a) For lw| <1, w#x1, r>1, k>-1,andall n>k+r,

(26) IS ()| < 211 = w|™ p(V)prst (1) Piear—1(1)  holds.

(b) For each k > —1, r > 1, the r-fold series Sy, converges absolutely and
uniformly on compact subsets of |w| < 1, w # x1 and satisfies

27) 1Sk, (@) <11 = w|™ k(D) prs1 (1) -+ prgr—1 (1) Jor|o| <1, @ #*1.

Furthermore for each k > —1, Si(w) converges absolutely and uniformly on
compact subsets of |w| <1, w # 1. Hence, forall k > -1, r>0, S , and
Sy are holomorphic for |w| < 1 and are continuous and satisfy (21), (22) for
lo| <1, w#+£1.

(c) Foreach k> -1, r>0,and 0<t<1,

lim S =S, and lim S =S,

n—oo n—oo
hold uniformly for |w| <t.
Proof. (a) Using (24), (25), and |S,(("’)0| < 2 one obtains (26) by induction on

r from the recursive definition of S,(C" )r in (17).

(b) Using again (24) and (25); the convergence of Sj , and inequality (27)
follow from (21) by induction on r. Finally, (22), (27) and p;(1) \, O for
Jj /" oo imply the convergence of .Sy .

(c) Let 0 < ¢ < 1 be fixed. Then for each k > —1, limu—co Sy = Sk.0

>

holds uniformly for |w| < ¢. Let r > 1 and choose ny > k. Then (17), (21)
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yield for n > r+ ny,

o0 n—r
|Sk,r—S;(<'f),|= Z C, jSj,r—1 — Z Ck,jS,(~','),_1

j=k+1 j=k+1
< j{: |Ck jHSL r—1 - " 1| j{: |Ck ﬂléb r— ”
Jj=k+1 J=no+1
n—r
+ Y la ISl
Jj=no+1

Because of (24), (25), and (27) (applied to S; ,—;, j > ng+ 1) here the second
sum is < |1 —w|™" ppy(1)png+1(1) - pPny+r—1(1) and because of (26) (applied to
S\, J > ng+1) the last sum is < 2|1 — |~ ppo(1)Png1(1)* Prgir—1(1)
for |w| < t. For large ny these upper bounds become small uniformly for
|w| < t. We now assume that lim,_, S,(",l)r-x =S r—1 already holds uniformly
on |w| <t for each fixed j > —1. Then for fixed ny also the first sum in the
above estimate becomes small for large n. Hence the first limit relation in (c)

is proved. In order to prove the second relation we again choose a fixed ng.
Then (18), (22) yield for n > ny+ k + 2,

oo n—k—1
1Sc =S =Y Sk — Y s
r=0 r=0
no n—k—1
<3Sk, =S| + 2 1Sk, 1+ Y IS
r=0 r=ng+1 r=ng+1

Using again (26), (27) here the last two sums together are estimated by

3) = wla(D)prst (D) Pryr—a (1),
r=np+1
which converges and for large ny becomes small uniformly for |w| < ¢, since
pi(1) \, 0 as j / oco. Finally, for fixed no the first sum becomes small for
large n.

For kK =0, —1 we immediately obtain from Lemmas 1 and 2

Corollary 1. Assume that (3) holds with R =1 and define C(w) := So(w) and
D(w) :=S_i(w) for |w| <1, w# 1. Then the following statements are true.

(a) For every fixed 0 <t < 1, lim,_ Cp(w) = C(w) and lim,_,o, Dp(w) =
D(w) hold uniformly for |w| <t.

(b) The functions C(w), D(w) are holomorphic for |w| < 1 and continuous
Jor |w| <1, w# +1 and satisfy C#£0, D#0, since C(0)=D(0)=1.

We now assume that condition (4) is satisfied. Then we obtain
(28) ek, (@) < =K)ujl+( -k =D forjw| <1, j>k>-1,
and we define for k > -1,

[e o]

(29) o= Y (=Rl + G =k =Dlyj)),

j=k+1
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observing that g, \, 0 for k / oo. Then the results of Lemma 2 are comple-
mented in

Lemma 3. Assume that (4) holds. Then the following statements are true.
(a) For each k > —1, r>0, Sy , in(21) converges absolutely and uniformly
Jor |w| <1 and satisfies

(30) ISk, (@) < OkOky1 -+ Opesr—r Jor |0 < 1.

(b) For each k > —1, Sy in (22) converges absolutely and uniformly for
|w| < 1. Hence, forall k > -1, r >0, Sy , and Si are continuous and satisfy
(21), (22) for || < 1.

(c) For each k > -1, S,((") in (18) satisfies S,((")(:I:l) =0 and

. . (n) _ —
nlg& ((}LnillSk (w)/(1 w)) /n = S(£1).
Proof. (a) Using (28), and (29); the convergence of S; , and inequality (30)
for |w| <1 follow by induction on r from the recursive definition (21).

(b) Then (22), (30), and o \, 0 for k / oo, imply the convergence of S ,
and (21), (22) also hold for w = +1.

(c) We define for r >0, n>k+r, k> -1,

LY (£1) = limy_z1 S{" (@)/(1 = w) and for n > k > -1, LP(x1) :=
limg—+1 S (@)/(1 - w). Then (17) yields L{" (1) =n -k, and recursively
for r >0,

(31) LO &)= 3 o (EDLY_ (£1)
Jj=k+1

and (18) yields

n—k—1
L= Y L (1) forn>k>-1.
r=0

Using (28), (29), L;(”’)O(:tl)/n =1-k/n <2 and the recursive definition (31),
yields for r >0, n>k+r, k> -1,

(32) LY (£1)/n] < 20,0441+ Okar-i-

Finally, using (21), (22), (30) for w = 1, a repetition of the proof-idea of
Lemma 2(c) with (26), and (27) replaced by (32), and (30) respectively, yields

limy o0 Ly (£1)/n = S (1) and lim,_.oo LY (£1)/n = Si(£1).
Looking again at (16) and (17) we observe that

(33) . j(@ Yy =w*J¢ j(w) holdsforweC, w#0.

Consequently

S (™" = —wk"S{"(w) holds for w € C, w # 0,

and n > k > —1. In particular k = 0, —1, and Lemma 1 yield C,(w~!) =
—w"Ch(w), Dp(w™') = —w™""'D,(w), w # 0. For fixed k > —1 we now
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want to investigate the asymptotic behaviour of S,((") for |w| =1 as n — .
Using (19) we write for n > k > -1,

(34) S (w) = X (@) - w"Y (o),

where we have defined for n > k> -1, weC,

n—k—1

k
(35) X(w) =1+ Y Yo i Ci s
r=

1 k<ji<jp<--<j<n

and

n—k—1

k—
") () 1= wk .
Yk =w + Z Z ck’jlc]l’]lu.c]r—lv./rw J,’

r=1 k<j,<ji<---<j,<n

where jo =k, if r = 1. Then we obtain immediately from (33)
Y,f")(w) = w"‘X,((”)(w") foralweC, w#0.

Substituting this into (34) yields

(36) S (w) = XM (@) —w"* XM (0! forweC, w#0.

Lemma 4. Assume that (3) holds with R = 1. Then the following statements are
true.
(a) Forevery k > —1, lim,_ X ,ﬁ")(w) = Si(w) holds uniformly on compact
subsets of \w| < 1, w # 1. (This holds uniformly on |w| < 1 if(4) is satisfied.)
(b) For fixed k > —1 and n — <,

(37) SI (@) = Sp() — w" kS, (@) + o(1)

holds uniformly on compact subsets of || =1, w # 1. (This holds uniformly
on |w| =1 if(4) is satisfied.)

(c) For fixed k > —1 and every fixed |w| =1, w # 1, lim,_,o S,((")(a))
exists, and equals Sy (w), iff Sx(@)=0
Proof. We observe that in analogy with (17), and (18), X ,((") in (35) also can
be deﬁned as follows:

X” = E" o lX,(("r, n >k > —1, where Xk"0 :=1,and for r > 1,

P = ke Gk j )_, . Then instead of S,((”)r also X ,E", satisfies inequality

(26), without the factor 2 since X ,E")O = 1. If (4) holds, then instead of S, , also

X ,((") satisfies inequality (30). A repetition of the proof of Lemma 2(c) shows

that for each k > —1, r >0 lim,_o X", = S , and lim,_o, X{" = S hold
uniformly on compact subsets of |w| < 1, w # £1. This holds uniformly on
lw| <1 if (4) is satisfied and (30) is used instead of (26), and (27).

(b) follows from (a) by substituting X" = S, + o(1) into (36). (c) follows
from (37).

Next we observe that (15) implies

Cn+an - Dn+lCn = ’U)(l - vn)(CnDn—I - DnCn—l)
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and hence we obtain the Wronskian-type formula

n
(38) Cp1Dn = Dyt Cp = w"(1 —w)? [J(1 - v;) forn > 1,
j=1

where 1-v; =4a; #0 for j > 1. Since 372, |v;| < oo, limy_eo [T}, (1-2))
exists #0.

Applying Lemmas 3 and 4 for kK = 0, —1 and using (38), we obtain the
following result on the asymptotic behaviour of C,(w), and D,(w) for |w| =1
as n— 00.

Corollary 2. Assume that (3) holds with R = 1. Then the following statements
are true.
(a) As n — 0,

(39) Ch(w) = C(w) —w"C(@)+o(1), Dp(w) = D(w) —w""' D(®@) + o(1)

hold uniformly on compact subsets of |w| =1, w # 1. If (4) is satisfied, then
C(w), D(w) are continuous for |w| < 1 and (39) holds uniformly for |w|=1.
(b) Forall |lw|=1, w# %1,

(40) o 'C(w ")D(w) - wC(w)D(w™")

I ::18
|
\@
=
3
5

(c) For a fixed |w| =1, w# £l lim,_ Cy(w) exists, and equals C(w) #
0, if C(@)=0. lim,_, Dy(w) exists, and equals D(w) # 0, iff D(w) = 0.
At least one sequence C,(w) or D,(w) diverges as n — co.

(d) Ifall ay, b, in(2) arereal, then C(w) = C(®@) # 0, and D(w) = D(®) #
0 hold for all |w| =1, w # 1 and both sequences C,(w), D,(w) diverge for
these w as n — oo.

(e) If (4) is satisfied, then

lim {llm Cp(w)/(1 w)) /n=C(xl), and

n—oo \w—»

nlim ( lirng,,(w)/(l —w)> /n=D(£1) hold.
—00 w—
Proof. (b) Substituting (39) into (38) and then dividing by w"(1 — w) yields
(40).
(c) This follows from Lemma 4(c) and from the fact that because of (40);
C(w), C(w); or D(w), D(®); or C(w), D(w) cannot both vanish.
(d) Again (40) yields C(w) # 0 and D(w) #0 forall |w|=1, w# *1.
(e) follows from Lemma 3(c).

Next, we will prove that S;(w) in (22) can be extended analytically from
|w] < 1 onto |w| < R/?, R > 1, provided (3) holds for this R > 1.

Lemma 5. Assume that (3) holds for some R > 1. Then the following statements
are true.

(a) For each k > —1, and r > 0, S, in (21) converges absolutely and
uniformly and satisfies

(41) ISk, /(@) < (R= 1) p(R)pis1(R) -+ preyr—1(R)  for || < RV,
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(b) For each k > —1, Sy in (22) converges absolutely and uniformly for
|w| < RY?. Hence, forall k > -1, and r >0, Si , and S; are holomorphic for
|w| < R'/%, continuous for |w| < RY/?, and (21), and (22) hold for |w| < R'/2.

Proof. (a) The convergence of Sy , and (41) follow by induction on r from
the recursive definition (21) and from (23), and (25).

(b) The convergence of Sy follows from (22), (41), and p;(R)\,0 as j
.

For k=0, —1, Lemma 5 yields

Corollary 3. Assume that (3) holds for some R > 1. Then the functions C(w),
D(w) are holomorphic for |w| < R'/?, continuous for |w| < R'/?, and satisfy

42) o 'Clw)D(w) - wC(w)D(w™") ]’[ 1-v;),
j=1

for R712 < |w| < RV2.

Proof. In order to prove (42) we observe that according to Lemma 5 both sides
in (42) are holomorphic for R~!/2 < |w| < R'/2, continuous for R~1/2 < |w| <
R'/2 | and that equality holds for |w| =1 because of (40).

We conclude this section with
Lemma 6. Assume that (3) holds. Then for every k > 1 (see (14), (22))

(43) C(@)Di(w) — D(0)Cy (@) = S(w)w*(1 —w H 1-v))

j=1

holds for |w| < R'? if (3) holds with R > 1; for |w| <1, and w # £1 if (3)
holds with R = 1; and for |w| < 1 if (4) holds. On these sets C and D have
no cOmmon zeros.

Proof. For fixed k > 1 we replace the sequences a,, b, in (1) and u,, v, in
(15) by the sequences @y, bxyn and up,,, Vxin, B > 1, respectively. In

analogy with (15) we therefore define for n > 1, and w € C,
(44) n+l = (w +1+ wuk+n)C; —w(l - ’Uk+n)C;—1 >
et = (W + 1+ @ugn)Dy — w(l — Vgyn)Dyy s
where Cf =D*,:=0, Cf =Dj:=1~-w. Then forall n>0,and weC,

{ (1 =w)Cryp = CDp — w(1l —v) G G
(1 = w)Dyyn = DDy —w(1 — v ) Dy Cyy
holds, since by (15), and (44) both sides in (45) separately satisfy

(45)

Yop = (w+ 1+ 0ugyn)Yn —w(l —vyn)Yny forn>1,

and have the same initial values for » = 0 and 1. Using (38) we solve (45) for
C, and obtain

k
(46) Ci4nDk — DiynCr = Cpw H (1 —vj).
Jj=1
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Because of Lemma 1, C; = S(()”)‘ holds, where S(()")‘ is obtained from S(()")
after u;, v; are replaced by ., vxyj, j > 0. Now (16), and (19) show that

S = S+ holds for n > 0. Hence C; = S**" and also D} = S**" hold
for n > 0 and (46) yields

k
(47) CisnDk = DienCi = S (1= w) [ (1 - v)),

J=1

for n > 0, and w € C. If (3) is satisfied, then by means of Lemma 2 and
Corollary 1, (43) follows from (47) for |w| < 1 and as n — oco. The rest follows
from Lemmas 3 and 5, Corollary 3, and from C(0) = D(0) = 1, Ci(£1) =
Dk(:tl) = 0, limk_,oo Sk =1.

3. THE MAIN RESULTS CONCERNING CONTINUED FRACTIONS OF TYPE (1)

In view of (14), (17), (18), and Lemma 1 we immediately obtain explicit
formulas representing A4,(4), and B,(A) for all n € N by substituting w(4)
from (5) for w in C,(w), D,(w). We now assume that (3) holds with R=1.
Using (5) and the results of Corollary 1 we define

(48) A(A) :=2w(A)C(w(4)), B(4) := D(w(A)) forAeC*.
Next let

(49) U:=(-1,1), L:= (-1, 1) denote the upper and lower bound-
ary respectively of the cut [—1, 1] of C*, considered as disjoint
subsets of the Riemann surface C** of w(A).

Then for 0 < 8 <7, A =cos® € U implies w(A) = 4 — i(1 — A2)1/2 = ¢=19
and A =cos¥ € L implies w(1) = ¢®. Hence, w(A) maps the disjoint union
C*uU U UL bijectively onto |w| <1, w # £1. Using the results of Corollary 1
again we define for x =cos?¥, 0<% < 7,

AT (x):=2e"0C(e™?), A~ (x) := 20" C(e"?),
{ B*(x):= D(e™ "), B~ (x) := D(e'?).

If (4) holds, then, using Corollary 2,we define for 4 = +1,

(51) A(£1) := £2C(1),  B(#1):= D(+1).

With these notations we obtain

(50)

Theorem 1. Assume that (3) holds with R = 1. Then the following statements
are true.

(a) The functions A*, B*, A~ , B~ in (50) are continuous on (-1, 1) and
for every x =cos®, 0 <O < m they satisfy

A~(x)B*(x) — A*(x)B~ (x)

— 4i(1 _x2)1/2 H(l —v;) = 4isinl9H(1 -v;) #0.
j=1

j=1

(52)

If, in particular, all a,, b, in (1) are real, then A= (x) = A*(x) # 0, and
B~ (x) = B*(x) #0 hold for all x € (-1, 1).
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(b) The functions A, B in (48) are holomorphic and # 0 on C* U {0}
and can be extended continuously onto C* U U U L (see (49)). More explic-
itly, A(A), and B(A) approach the continuous boundary values A*(x), B*(x)
or A= (x), B=(x) if A € C* approaches x € U or x € L respectively. Fur-
thermore, A, and B do not vanish simultaneously on C* U U U L. Finally,
f(A) = limy—o0 An(A)/Bn(A) = A(A)/B(A) holds uniformly on compact subsets
of C*\{A € C*: B(4) =0}.

(c) For x =cos®, 0< 3O < m, the continued fraction (1) diverges. More pre-
cisely An(x)/Bn(x) = M (e~ 2"+ 4 o(1) holds (uniformly on compact subsets
of (-1,1)) as n — oo, where in view of (52)

M({) == (4" (x) - (A7 (x))/(B*(x) - {B™(x))

is a Moebius transformation. Consequently, for fixed x € (-1, 1), asymptot-
ically all A,(x)/By(x) lie on the image circle of the unit circle under M({),
which is a straight line iff |B*(x)| = |B~(x)|.

(d) If (4) holds, then in addition to (a) A, and B can be extended continuously
from C*UUUL into +1, and A(X), B(A) approach A(x1), B(x1) (see(51)) as
A€ C*UUUL approaches +1. Neither A(1), B(1) nor A(-1), B(—1) vanish
simultaneously. Finally, lim,_ o, A,(£1)/B,(£1) = A(x1)/B(x1) holds.

Proof. (a) The continuity of A*, B*, A~, and B~ follows from Corollary
1(b). Using w(x) = e~ for x = cos® € U and substituting (50) into (40)
yields (52) and the rest follows from Corollary 2(d),

(b) follows by combining (5), (14), (48), (49), and (50) with Corollary 1 and
Lemma 6,

(c) follows from Corollary 2(a) by substituting w(x) = e~® and x = cos®d €
U, into (14), (39), and by using (50),

(d) follows from Corollary 2(a), Lemma 6 and Corollary 2(e) together with
(5), (14), (51).

Remark 1. That (1) diverges for every x € (-1, 1) also can be seen from the
estimate

An+1(-x) _ An(x)
B,,+|(.X) Bn(x)

n
‘ > 2|1 —wPK 2] 11 - vy,
j=1

which follows with x = cos¥, w = e*® from (5), (14), (38) and, as a conse-
quence of Lemma 1, (18), (26) with k = —1, from

|Da(@)] < K = K(e) =2 (1 + 3 1= w7 poi(Dpo(1)- “Pr-z(l)) :

r=1

Remark 2. Let all b,, n > 0, be real and all a, > 0, n > 1, and define

Ii:=(-bj—a/* —a}/}, —bj +a}* +ajl}) CR for j >0 (here g :=0). Let
Jo and J; be the smallest closed interval with Uj‘;o I; ¢ Jo and U}':l I cJ
respectively. Then Theorem 4 in [10] shows that all zeros of B,(1), n > 1, are
contained in Jy and all zeros of A,(A), n > 2, are contained in J;. Hence,

A and B in (48) are #0 on C\Jy and f(A) in (1) is holomorphic there.

Theorem 2. Assume that (3) holds for some R > 1. Then the following state-
ments are true.
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(a) The functions A, B in (48) can be extended analytically from C* across
U and L (see (49)) onto a subregion (Jw(4)| < R/?) of the Riemann surface
C** of w(d) (see (5)) whose boundary on C*(|w(d)| = RY?) lies above the
ellipse E(R) (see (6)). Onto this boundary A and B can be extended contin-
uously. The focal points +£1 of E(R) are first order algebraic branch points for
f(X) = A(A)/B(4) in (1). Furthermore, A and B have no common zeros in
their extended range of definition (|w(1)| < R/,

(b) If A(A) B(A) denote the values of A, B obtained after extending A, B
analytically from A € C* across U or L into the point on C** lying above A,
then

(53) A(A)B(A) — A(A)B(A) = ﬁ 1-v))

holds for all A € C* which lie inside or on E(R) (i.e, R™1/? <|w(A)| < R'/?),
where (A* —1)/2>0 for A>1,A€C*. For A€ U or A€ L, (53) reduces to
(52).

c) If (3) holds for all R > 1, then A and B can be extended analytically
onto the complete Riemann surface C** and satisfy (53) forall A€ C. Then f
is a meromorphic function on C**.

Proof. (a) follows from Corollary 3 and Lemma 6 in view of (5), and (48).
(b) Corollary 3, (5), and (48) yield 4(4) = 2w(A)~'C(w(A)~!), B(1) =
D(w(A)~!). Then (53) follows from (42).

Remark 3. If in (1) lim,_ b, = 0 and lim,_,. a, = 0, then, as a consequence
of Worpitzky’s Theorem [6, 8, 15], (1) converges and f is meromorphic on

C\{0}.
Remark 4. Assume that (3) or (4) holds. Then substitution of (14) and (48)
into (43) yields

A(2)B(4) — B(A) Ak (4) = 2w (1) ' Sy (

||‘z>«~

for all A for which w(A) satisfies the corresponding conditions of Lemma 6.

4. APPLICATIONS TO ORTHOGONAL POLYNOMIALS

In view of the recurrence relations (2) the sequences B,(4), 4,41(4), n >0,
now are interpreted as two sequences of orthogonal polynomials of first and sec-
ond kind respectively. Using (14), (5), and Lemma 1, one obtains explicit for-
mulas for B, , A, forall n, and all possible complex orthogonal polynomial
sequences are obtained in this way.

Assuming that (3) holds with R = 1 or that (4) is satisfied we now are
going to apply the results of §2. In the following considerations, Corollaries |
and 2 and especially (39), (40) in Corollary 2 play a fundamental role. Recall
that (40) was obtained via (39) from (38) which is a Wronskian-type relation
reflecting the linear independence of the solutions A4,, B,, n > 0, of (2). We
will formulate all results for the sequence B,, n > 0, only since analogous
results hold for A,,,, n >0 (see Remark 5).
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If (4) is satisfied and D(w) is # 0 for all |w| < 1, then, using (50), we
define

(54) $(x) := (2/m)(1 '”H v;)/B*(x)B™(x),

for —1 < x < 1, where the root is > O. Substituting x = cosd, 0<9<m,
into (54) yields ¢(cos®) = (2/7)sin® [}, (1-v;)/D(e®)D(e~"?), for 0 < B <
n . Observe that because of (30) in Lemma 3, (21), and (22), D(w) = S_;(w)
is #0 for |w| <1 if 3,2,0-100--- 0,2 < 1, and especially, if g_; < 1/2. If
D(w) has zeros on |w| = 1, then still 1/¢(x) is continuous for —1 < x < 1.
In view of (50), (51), and Theorem 1(b) we define
(55) f*(x):=A%(x)/B*(x), f(x):=4"(x)/B~(x) for—1<x<I.
Then (52), and (54) imply
(56) 2nig(x) = f~(x) - fH(x) for —1<x<1,
or by virtue of (50), and (40)
nig(cos®) = e’?C(e'?)/D(e'®) — e~ C(e~"?)/D(e~"?), for0< < m.
With these notations we obtain
Theorem 3. Assume that a,, b, €C, a, #0, n >0 (ag:=1) satisfy (4) and
that D(w) is # 0 for all |w| < 1. Then the complex function ¢(x) in (54) is
continuous for —1 < x <1 and #0 for -1 <x <1 (¢(x1) =0). For all
AeC* (see (1))

1
(57) 1) = /_ $Ux)(L=x)"dx  holds.

If y denotes a large circle around 0, then

(58) / B x)dx = 5~ /B (A)Bn(A

=apa - AmOm  n holdsfor alm,n>0.
Proof. Using (48)—(51) and because of Theorem 1(a), (b), f(4) = A(4)/B(A) is
holomorphic for 4 € C* and continuous on C*UU UL U {1, —1}. For fixed
A € C* Cauchy’s integral formula yields

fay= - ( £t -2 di - f(t)(t—l)“dt>,
71 72

2ni
where p; is a large circle around O with A in its interior and 7, is a closed
path surrounding [—1, 1] with A in its exterior, both curves being simple and
positively oriented. Because of Af(4) — 1 for A — oo the integral along y,
tends to 0 when the radius of y; tends to oo. Finally, y, is contracted onto
[-1, 1]. Then (55) and Theorem 1(a), (b) yield

= 27”(/1 fH(x)(x = 2) ldx+/f 'a’x)

1 1
T2 )

l(f_(X) — [T -x)""dx
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and hence (57) follows from (56). Next, using the same idea of proof as in [2,
p. 255}, we substitute (57) for f(4) into the right integral in (58). Inverting
here the order of integration and using Cauchy’s integral formula yields the
left equality in (58). Substituting f(1) = Am(A)/Bm(A) + a;---amA=2m-1 4+
O(A=2m=2)  for A — oo, (see Remark 4 and (5), (14), (48)) into the right-hand
integral in (58) yields the second equality for n < m, when the radius of y
tends to oo (see also Theorem 2.3. in [1]).

If b € R and a, > 0 for n > 0 and if (3) holds with R = 1, then
automatically D(w) = D(@) is # 0 for |w| =1, w # £1 because of Corollary
2(d). In this case (54) yields

(59) $(x) = (2/m)(1 - x Hl—v J/IB*(x)P,
for —-1<x<1,or

¢(cos®) = (2/m)sin® [[(1 — v;)/|D(e”®)|* for0<d <.
Jj=1
Now (56) holds for —1 < x < 1. In this case we also use the fact that (see (1))

(60) f(A) = ’ (A—x)"'dy(x) holds for all 1 € C\[-a, a]

(see Theorem 2.4. in [1] and also Remark 2), where with suitable a > 1, y(x)
is a real-valued nondecreasing function on [—a, a], normalized by y(x) =
w(x + 0) for all x € (—a, a). Then we obtain the following result essentially
due to Nevai [7, Theorem 40, p. 143].

Theorem 4. Assume that b, € R, a, > 0, n >0, (ag := 1) satisfy (3) with
R = 1. Then (see (60), (59)) v'(x) = ¢(x) holds and ¢(x) is continuous
and > 0 for —1 < x < 1. If (4) holds, then (1 — x2)'2¢(x) is bounded for
—1<x <1 or sind¢(cos®) is bounded for 0 <9 < m.
Proof. Because of Theorem 1(a), (b) and (55), (49), f(A) continuously ap-
proaches f*(x) and f~(x) as A € C* approaches x € U and x € L re-
spectively. Here f~(x) = f*(x) is continuous, # 0, and satisfies (56) for
-1 < x < 1, where now ¢(x) has the special form (59). Hence using (56)
and applying the Stieltjes inversion formula (Theorem 2.5 in [1]) to (60) yields
v'(x) = ¢(x) for —1 < x < 1 and the properties of @(x) follow from (59).
If, finally, (4) is valid, then by Corollary 2(a), (d), C(w) and D(w) are con-
tinuous for |w| =1 and # 0 for |w| =1, w # 1. If D(x1) # 0, then
sin®/|D(e™®)| and hence sind¢(cosd) is bounded on 0 < ¥ < m. With
x=cos?, w(x)=e"?, 0<<n, (40) yields
(61) eC(e”)D(e™?)/sin® — e P C(e™®)D(e'?)/sin® = 2i [J(1 - vj).

j=1

If D(1) =0 or D(—1) =0, then we assume that there exist 0 < 9, < n with
89, — 0 or 9, — = such that D(e®)/sind, — 0 for n — oco. Then for
the conjugate D(e~'%)/sind, — 0 holds and C(e’®") — C(1) or C(-1) as
n — oo. Hence, for 9 = 9,, n — oo, the left side of (61) tends to 0, whereas
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the right side of (61) is a constant # 0. Therefore |D(e'®)/sin®¥| > const. > 0
holds for 0 < ¥ < =, which proves that sin3¢(cosd) also is bounded on
0<d%<mif D(x1)=0.

In the following result (63) and (c) essentially are due to Nevai [7, Theorem
40, p. 143].

Theorem 5. Assume that a,, b, € C, a, # 0, n > 0 (ap := 1) satisfy (3)
with R = 1 and define Q,(%) := Bn(1)/(aoa, ---a,)'/?, where for each n > 1,
(a0ar -+ -an)'/* = 27"([1}_, (1-v;))!/2 # 0 is chosenin {z € C: —m/2 <argz <
n/2}. Then the following statements are true.

(a) For n — oo and fixed 0 <t <1 (see (5), (48))

. 1/2
(@0(2))"*'Qn(A) = B() Y2 (H (1-vj) ) +o(1)

holds uniformly for |w(A)| < t, i.e., uniformly for A on and outside the ellipse
E(t72) in (6), where (A2 —1)1/2>0 for 2> 1.
(b) For n —»

2isin9Qy(cos V)

. 1/2
— (D(e—il‘))ei(n+l)l‘) _ D(eiﬂ)e—i(n+1)0)/ (H(l _ 'Uj)) +0(1)

Jj=

(62)

—

and, consequently,
(63)

QZ(cos®) — Qn—1(cos 8)Qp41(cos 8) = D(e"?)D(e™®) / H(l—v, ) +o(1
= (2/m)sin¥/¢p(cos ¥) + o(1)

hold uniformly on compact subsets of 0 < 9 < n. If (4) is valid, then (62) holds
uniformlyon 0 <9 < m.

() If by €R and a, >0 forall n >0 and if A(®) := argD(e'®) is chosen
as continuous function on 0 < 9 < n, then (62) reduces to

12
sin 8Q,(cos ®) = |D(e’®)|sin((n + 1 / (H (1-wvj) ) +0(1)

uniformly on compact subsets of 0 <V < 7.

Proof. The asymptotic formula in (a) follows from (14), Corollary 1, (5), (48).
In (b) (62) follows from (14), w(cos®) = e~® and (39) in Corollary 2(a). In




202 HANS-J. RUNCKEL

order to prove (63) we substitute (62) in

— 4sin® 8 [ (1 - v)(Q7(cos ) — (an+1/an)'* Qu-1(c08 B) Qns1 (cos B))
j=1
— (D(e—iﬂ)ei(n+l)19 _ D(eil‘))e—i(n+l)l9)2
_ (D(e—iﬂ)einﬂ _ D(eiﬁ)e—inﬂ)(D(e—iﬂ)ei(n+2)z9 _ D(eiﬂ)e—i(n+2)l9)
+o(1) = —2D(e~"®)D(e™) + D(e~"®)D(e'®)(e™"® + €"%) + o(1)
= —4sin’> 9D(e®)D(e~) + o(1).

Here the roots (a,41/an)'/?> were chosen such that lim,_(ansi/an)'/? = 1.
Dividing the preceding result by —4sin® 9 ]'[;’=l (1 —wvj) yields the first equality
in (63). The second one follows from (54) for x = cosd.

(c) follows from (62) since according to Corollary 2(d) now D(e~*?) =
D(e®) # 0 holds for 0<d < x.

Remark 5. If instead of f)(4) := f(A) and corresponding ¢;(x) := ¢(x) in
(54) we consider the continued fraction of type (1)

1 >_ 1 a; as
fl(/l) _).+b1—).+b2—ﬁ.+b3—

and corresponding ¢,(x) of type (54), then the polynomials 4,,,, n > 0, now
play the same role for f5(A) which the polynomials B,, n > 0, play for f;(4).
For n >0, A,,; is the denominator of the nth approximant of f;(4). If for
-l1<x <1, ff(x), f; (x) denote the continuous boundary values of f,(4)
on U and L respectively (see (49)), then the above definition of f; yields
f(x) = £ (x) =a;'(1/f+(x) = 1/f~(x)) for =1 < x < 1. Then (52), (55),
(56), and 4a, = 1 —v; imply

H(A) = a;! (A + by —

$2(x) = 4(2/m)(1 — x*)!/? H 1 —v))/A%(x)A™(x),
or with x =cos?¥, 0 < ¥ < n and using (50)
$2(cos ) = (2/7z)sinz9ﬁ 1 —v;)/C(e~"®)C(e')

and, moreover,
$2(cos B)(1 —v1)C(e™®)C (™) = ¢y (cos O)D(e~?)D(e™®).

Obviously analogous results as stated in Theorems 3-5 also hold for f;, ¢,
and A4,,;, n>0.

As an example we consider (1) with b, :==0, n >0, v, := -1, v, :=0,
n > 2. Then (14), (16), (17), (19), and Lemma 1 with w(cos®) = e~?, 0 <
¥ < &, yield the Chebyshev polynomials of first and second kind B,(cos¥d) =
27" (e 4 e=ind) = 2l=ncosnd, n> 1,

An+|(COSl9) = 2_”(ei("+|)l9 _ e—i(n+|)l9)(ei0 _ e—m)_l
=27"(sin(n + 1)9)/sin ¥, n>0.
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From (22), (50), (54), Corollary 1, and Remark 5 we obtain D(w) = | — w?,
C(w) =1 and the corresponding weight functions ¢;(x) = (1/m)(1 — x?)~1/2,
da(x) = 2/m)(1 =x)?2 —1<x< 1.

Remark 6. Assume that (3) holds with R=1. For |w| <1, w # £1,and |z| <
1let Ge(2) =302kt S,((")z" be the generating function of the sequence s

n > k . Using the explicit formula (19) for S,((") and interchanging successively
the summation with respect to n with all summations in (19) and summing
geometric series one obtains the following explicit series representation

(64)

Zk“(l —'LU) o0 -
Gilz) = (I=2)(1 - zw) (l * Z Z Ch,jsCir vz Cimr i 27 ’

r=1 k<ji<--<jr<oo

which converges absolutely for |w| <1, w# +1, |z| < 1. Moreover,
lirr}(l - 2)G(z) = Sk
z—

holds (see (22)). Furthermore, it is easy to see that the series on the right side
of (64) converges absolutely if Z}";k w1k, j(@)z/] < oo, especially if [z| <1,
|w| <1, and the sequences u;, v; in ¢ ; (see (16)) are bounded for j > k >
-1.

Remark 7. From Theorems 3-5 we immediately obtain more general versions
and supplements with shorter proofs of the following results which are proved
for real a,, b,, n > 0, in P. G. Nevai [7]: Theorem 40 (p. 143), Theorem
42 (p. 145), Theorem 12 (p. 12), Theorem 27 (p. 136), Theorem 29 (p. 137),
Theorem 34 (p. 140) and Corollaries 35 and 36 (p. 141). In particular, Theorem
2.7 (p. 13) in [1] follows directly from (54) and Theorem 5 (c).

5. THE MAIN RESULTS CONCERNING CONTINUED FRACTIONS OF TYPE (7)

In order to obtain explicit results on the continued fraction (7) which are
analogous to those given for (1) in §3, we observe that all identities and estimates
in §2 remain valid if for a,, b,, and A we substitute functions a,(z), b,(z)
and A(z), n > 0, having the properties described below (7) in §1. We generally
refer to the notations following (7), especially to (8)-(11) and also to

Remark 8. The point zy € S = A~!([-1, 1]) is a branch point of @&(z) (ex-
tended onto G**) iff A(zg) = +1 of odd order.

Assuming that (9) or (10) is valid, again the estimates (26), (27), (30), (41)
play a fundamental role. They now depend on z and the series in (25) and (29)
converge uniformly with respect to z in compact sets. After having substituted
the functions a,(z), b,(z) for the coefficients a,, b,, n > 0, in C(w) = Sp(w)
and D(w) = S_;(w) (see Corollary 1 and (22)), we will use the following more
detailed notation

(65) C(z,w):=Cw), D(z, w):= D(w).

Then, using @(z) from (11) with |@(z)| < 1 on each component of G*, we
define (see also (48), (50), (51))

(66)  A(z):=2@(z)C(z, @(z)),  B(z):=D(z, d(z)) forzeG*.




204 HANS-J. RUNCKEL

For each z € .S with A(z) # £1 we can write

(67) @(z) = €%  withreal 9(z) # kn, ke Z.
Then (40) in Corollary 2 yields

eiﬂ(z)c(z , eiﬁ(z))D(Z e—iﬂ(z)) _ —iﬂ(z)C(Z , e—il?(z))D(Z , eiﬂ(z))
(68)

=2sind(z ﬁ (1 -v(z

Next we want to define regions Gy # @, Gy C G* which touch the cut S only
“from one side”. By this we mean that G, satisfies (see (49))

(69) AMGoU(GpnS))cC*UlU or CC*'UL,

where G, denotes the closure of G, in C. Sometimes Gy C G* also is chosen
with the property

(70) MGoUu(GonS))cC*uluU{l,-1} or cC*ULU{L, -1}.

With these notations pendants of Theorems | and 2 can be formulated for the
continued fraction (7).

Theorem 6. Assume that (9) holds with R = 1 and that the region Gy # @,
Gy C G* satisfies (69). Then the following statements are true.

(a) The explicit series representations for /f( z), B(z), obtained from (66),
(65), Corollary 1, and (22), converge absolutely and uniformly on compact subsets
of GouU (GoNS). Hence, A(z), B(z) are holomorphic on Gy and can be
extended continuously onto GyU (Goy N S), having no common zeros there. If

(z) %0 on Gy, then the contznued fraction (7) converges unzformly on compact
subsets of Go\{z € Gy: B(z) =0} to F(z)= A(z)/B(z) If B=0 and, hence,
A+#0 on Gy, then (1) dzverges to oo on Gy.

(b) For each fixed z € S with A(z) # £1 the continued fraction (7) diverges.
More precisely, if with @& = e'®) from (67),

M.(0) :=2(@C(z, ®) - {o~'C(z, @ "))(D(z, &) - {D(z, &)

denotes a Moebius transformation (in view of (68)) in {, then the nth approxi-
mant of (7) at z equals M,(e’2"+19(2)) 4 o(1), n — co. Hence, asymptotically
all approximants of (7) lie on the image circle of the unit circle under the mapping
M, (0), which is a straight line iff |D(z, e'®?)| = |D(z, e~%(2)]|.

(c) If (10) holds and if now the region Go has property (70), then part (a)

remains valid for this Go. Furthermore, for each z € S with A(z) = £1 (7)
now converges to F(z) = £2C(z, £1)/D(z, £1), where C(z, £1), D(z, 1)
do not vanish simultaneously.
Proof. Using (66), (65), and the fact that @(z) from (11) satisfies |@(z)| < 1
for z € Gy and |@(z)| =1, @(z) # £1 for z € GyN S, the proof follows by
substitution of a,(z), b.(2), A(z), @(z) for a,, by, A, w in (2), (14), (16)-
(18), Lemma 1, (21), (22), (24), (25) for R =1, (26), (27), Corollary 1, and
Lemma 6. This yields (a). Moreover (b) is obtained by using, in addition,
(14), Corollary 2, especially (39) and (40). In (c), @(z) = +1 is allowed for
z € GoNS and the proof follows from (28), (29), Lemma 3, especially (30),
Corollary 2(e), (14), and Lemma 6.
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For R > 1 we define

(71) S(R) :=A"YE(R)) c G, where E(R) is the ellipse (6).
Theorem 7. Assume that (9) holds for some R > 1. Let G§ be a fixed component
of G* and G§* the largest subregion of G** with Gy C Gg* such that no point
of G§* lies above S(R) but the boundary 0rGy* := 0Gy* N G** of G;* on G**
lies above S(R) (see (71)).

Then the following statements are true. R

(a) The explicit series representations for A, B obtained from (66), (65),
Corollary 1 and (22) converge absolutely and uniformly on compact subsets of
Gy*UORGy* . Hence, A, B can be extended analytically from G across S into
Gy* and continuously onto G§* U OrGg* having no common zeros there.

(b) The branch points of @(z) in (11) also are algebraic first order branch
points for the extended meromorphic function (see (7)) F(z) = A(z)/B(z), pro-
vided B #0 on Gj;. At each zo € S with A(zo) = £1 of even order A and B
consist of two separate holomorphic branches in a neighbourhood of z.

(c) If (9) holds for all R > 1, then from each component of G* A and B

can be extended analytically across S into the whole Riemann surface G**. If
B #0, then F is meromorphic on G**.
Proof. Using (66), (65), and the fact that now @(z) from (11) satisfies |@(z)| <
1 for z € G} |@(z)| < RY? for z € G§* and |@(z)| = R"/? for z € rG}" , the
proof of (a) follows again by substltutlon of a,(z), by(z), @(z) for a,, by, ®
in (16), (23), (25), Lemma 5, especially (41), Corollary 3, and Lemma 6. (b) At
each zp € S with A(zg) = £1 of even order @(z) has two separate holomorphic
branches in a neighbourhood of zj.

Remark 9. Obviously an analogue of (42) or (53) easily can be formulated for
A,B.

The next theorem generalizes Theorem 7, smce 1t may lead to larger subre-
gions of G** into which analytic extension of A B is possible.

Theorem 8. Suppose that (9) holds with R = 1. Let G} be a fixed component
of G*. Moreover, let G* be a subregion of G** and H}* a subset of G** such
that G} C G}* C H* € G** and that

(72) Z(Iaj(Z) — 1/4] + |bj(z)])|@(2)[¥ < 00

holds uniformly on compact subsets of H}* , where &(z) from (11) is assumed to
be extended analytically onto G** with |@(z)| <1 for z € G} and &(z) # +1
for z € H*.

Then the explicit series representations for A(z), B(z) obtained from (66),
(65), Corollary 1 and (22) converge absolutely and uniformly on compact subsets
of H*. Hence, A, B can be extended analytically from G} across S into Gt*
and continuously onto H}* having no common zeros there.

Proof. Let ¢k j(z,w), Sk .(z,w) be obtained from ¢ ;(w) in (16) and
Sk r(w) in (21) by substituting a,(z), b,(z) for a, = (1 —v,)/4, b, =u,/2.
Then (16) yields for z € H* and j >k > -1,

le (2, ()] < 1= (@(2)) 9, 5(2),
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where for |&(z)| > 1,

7k,j(2) = |@(2)u;(2)|(1 + |é(2) V)
+1@(2)Pvi(2)I(1 + |@(2)PU7*D),

and for |@(z)| < 1 (see (24)) 7k ;j(2) := 2(|uj(z)| + |vj(z)|). Then, because
of (9) with R =1 and (72), p;(z) := Z;”;kﬂyk,j(z) < oo and p;(z) \\ O
for k / oo hold uniformly on compact subsets of H;*. Using the recursive
definition (21) of Sy , one proves by induction on r that, in analogy with (41)
in Lemma 5,

1Sk,r(z, @(2))] < |1 = (@(2))*|7 Pk (2) P41 (2) -+ Pityr_1(2)
holds for all ze Hy*, k> -1, r > 1. Then also

D= (@) Pi(2)P (2) -+ Py (2) < 00

r=1

is valid uniformly on compact subsets of H:*, and the assertion now follows as

in the proof of Theorem 7. That A , B do not vanish simultaneously on H}*
follows, by substitution, from (43) in Lemma 6 or from Remark 4.

6. THE MAIN RESULTS CONCERNING GENERAL T-FRACTIONS (12)

We now are going to apply Theorems 6 and 7 to general limit periodic 7-
fractions 7'(z) defined in (12) and satisfying (13). For all pairs ¢, d € C we
will describe explicitly the cut S C C, being the boundary of the convergence
region C\S of (12) and, if (13) holds for some R > 1, we will derive explicit
parameter representations for the boundary curves S(R) up to which mero-
morphic extension of T'(z) across S is possible. For partial results obtained
so far we refer to [4, 5, 9, 11, 12, 13, 14].

Remark 10. If ¢ = 0, then Worpitzky’s Theorem (see [6, 8, 15]) implies that
(12) converges and 7'(z) is meromorphic on C (or C\{—1/d}) incase d =0
(or d #0).

Therefore, we will always assume ¢ # 0. Next, we have to apply an equiva-
lence transformation to (12) in order to obtain a continued fraction of type (7)
to which Theorems 6 and 7 are applicable.

If d =0, then we can assume w.l.o.g. that ¢ = 1/4 (otherwise replace z by
z/4c). In this case (12) is equivalent to (z # 0),

2_1/2 Cy C2
-2 doz P— 2P 1 d 2 P - - 2y gy

(73)  T(2)=

Observe, that the value of this continued fraction is independent of the chosen
branch of z!/2 and z~!/2 := (z!/2)~!. We then can apply Theorems 6 and 7
to (73), if we choose a single-valued branch of z!/2 for z € G := C\L, where
L is an arbitrary fixed ray from 0 to oo. Except for the first partial numerator
z~1/2 (73) then is of type (7) with a, :=c,, n> 1, by(z) :=dnz'/?, n >0,
A(z):=z"Y2, z € G, such that (9) is satisfied on G with the same value of R
as in (13).
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If d # 0, then we can assume w.l.o.g. that d = 1 (otherwise replace z by
z/d). In this case (12) is equivalent to (z # 0),

- ~ (4Cz)—l/2 C|/4C
(74) )= Gy + 27807 - ez 7+ di(z/40) 7
¢ /4c

— (4c2)" 2+ dy(z[4c)1 2~

Again the value of this continued fraction is independent of the chosen branch
of (4cz)~'2 and (z/4c)!'/? := z(4cz)~'/>. We then can apply Theorems 6
and 7 to (74), if we choose a single-valued branch of (4cz)~'/% for z € G :=
C\L, where L is an arbitrary fixed ray from 0 to oo. Except for the first
partial numerator (4cz)~!/2 (74) then is of type (7) with a, :=c,/4c, n>1,
bn(z) := (dn = 1)(z/4c)'/?, n>0,

Mz) ="V (22 4 272 )2 = (2/4¢)'? + (4cz) ™12, zeG,

such that (9) is satisfied on G with the same R as in (13). Observe that
here A(1/z) = A(z) and A'(z) # 0 for z # 1. Always —1 € S holds, since
A(-1)=0.

Altogether we thus obtain the following result. If (12) satisfies (13), then all
statements of Theorems 6 and 7 are valid for the special continued fractions (73)
and (74). Therefore all statements of Theorems 6 and 7 concerning convergence,
divergence, meromorphic extension across S and continuous extension up to
the boundary described by S(R) also are valid for the continued fraction (12)
and T(z), where now G = C\L can be replaced by C again. What remains
to be done in the following theorems is to determine explicitly S in (8) and
S(R), R > 1, in (71) for A(z) = z7Y/? incase d = 0, ¢ = 1/4 and for
Mz)=c"V2(zV2+z71/2)/2 incase d =1, c€C, c#0. :

Theorem 9 (Determination of S). Assume that (12) satisfies lim,_ ., c, =c € C,
¢c#0, and lim,_.o, d, = d € C. Then the following statements are true.

(@) If d =0 and (w.lo.g) c=1/4, then S=[1, 00) CR*.

(b) Let c € C and d =1 (wlo.g if d # 0). Then always —1 € S =
{(tc'? + (2c — DH/2)2: — 1 <t < 1} holds. In (b)), (by), (bs) below all
square roots are > 0.

(b)) Ifd=1, ¢<0, then

S=1=((lel + D' +1el)?, =((le] + D' = |e| /2’1 c R~

(b)) If d =1, 0<c < 1, then S is the subarc of the unit circle which
contains —1 and has the endpoints (c'/? £ i(1 —c)'/?)2.

(bs) Ifd=1, c=1, then S={z€C:|z|=1}.

(bg) Ifd=1, c>1,then S=1U{zeC:|z| =1},
where I :=[(c'/? — (c — 1)V2)2, (c'2 + (c - )V/2)2)C Rt with 1€1.

(bs) If d = 1, ¢ = |cle”” with 0 <y < =, then S C S”, where S :=
{z=re¥:r=r(y) =sin((y +7)/2)/sin((y —7)/2), 7 <y <2n -y} is
a trigonometric spiral (being independent of |c|). For y < w <2m—vy, r(y)
strictly decreases from oo to 0. S is the subarc of S” which passes through —1
and has the endpoints r(wp)e™, r(2m — wy)e~ %o, where cos yq := |c| — |c — 1],
y < Wo <7 (observe ||c|—|c—1|| <1, since Imc >0). Ifd =1 and Imc <0,
then a result holds which is symmetric to the previous one.




208 HANS-J. RUNCKEL

Proof. (a) Put z =re?¥, r >0, yw € R. Then A(z) = z7/2 = r=1/2¢-i¥/2
and z € S iff ImA(z) = 0 and |ReA(z)] < 1, ie., iff siny/2 = 0 and
r=12|cosy /2| < 1. Hence, S =1, 00).

(b) Solving the equation A(z) = ¢, ie., ¢~ V/2(z!/2 4+ z=Y2)/2 = ¢, for z
yields z = z(t) = (tc'? £ (t2c = DV2)2 = ¢c(t £ (£* = ¢~ )22, Then S =
{z(t): =1 <t<1} and z(0)=-1.

(by) If ¢ <0, then z(t) = —(t|c|"/2 £ (¢2|c|+1)'/2)2. Hence, S is the closed
interval C R~ with endpoints z(+1) = —(|c|'/? £ (|c| + 1)!/?)2.

Next, ¢ > 0 yields z(¢) = (tc!/2 £ i(1 — t2¢)'/?)?, -1 <t< 1.

(b) If 0 < c < 1,then S is an arc of the unit circle with endpoints z(+1).

(b3) If ¢ =1, then S is the whole unit circle, since then z(+1)=1.

(bg) If ¢ > 1, then z(¢) describes the whole unit circle for —¢c~!/2 < t <
2 < 1(z(xc?) = 1), and for ¢c~1/2 < |t| < 1, z(t) = (tc'/? £ (t2c — 1)1/2)2
describes the interval C Rt which intersects the unit circle in z = 1 and has
endpoints z(*1).

(bs) In this case we again put z =re'¥, r >0, w € R, and then determine
S by substituting

Az) = c—1/2(zl/2 + 2—1/2)/2 — i(rl/Zei(y/—y)/2 + r—l/2e—i(W+}’)/2)/2|cll/2
in the conditions ImA(z) =0, |ReA(z)| < 1. This yields
r=r(y) =sin((y +7)/2)/sin((y —7)/2)
= siny(ctgy +ctg((y —7)/2)) >0
and r'(y) <0 for y < w <2m —y. Next, (ReA(z))? < 1 is equivalent with

reos’((y — 7)/2) + 2cos((w — 7)/2) cos((y +7)/2)
+ rlcos’ ((w +7)/2) < 4c|.
Here we substitute the value r = r(y) obtained above and multiply by

sin((y + y)/2) sin((y — »)/2) > 0.
Then we obtain equivalently

(sin((w +7)/2) cos(( — 7)/2) +sin((w = 7)/2) cos((y +7)/2))?
< 4c|sin((y +7)/2) sin((y - 7)/2)

or sin’ y < 2|c|(cosy — cos w) . Adding cos? y + |c|? — 2|c|cosy on both sides
yields 1—2|c|cosy+]|c|? < cos? y —2|c|cos w +|c|?, or |c—1]? < (cosw —|c|)?,
or [c—1| <|cosy —|c||. This is equivalent with cosy — |c| < —|c — 1], since
cosy — |c| > |c — 1] cannot hold because of |c| +|c — 1| > 1 for Imc # 0.
Hence, S is the subarc of S” which is described by cosy < |c| — |c — 1| and
y<w<2m—y,orby yw <y < 2m - yy, where y, is the unique solution
of cosyg=|c|—|c—1| and y < yy < m (always ||c| —|c - 1]| < 1 holds for
Imc # 0).

For R > 1 we now define

(75) a:=(R+R1/2, b:=(R-R")/2,implying a>1, b >0,
and a? - b2 =1 (see (6)).

Theorem 10 (Determination S(R)). Assume that (12) satisfies (13) for some
R > 1. Then the following statements are true.
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() If d =0 and c =1/4, then (see (75))
S(R)={z=re™:r=r(y)=2@a—-cosy)/b*,0< y <2rn} and r'(y)>0,

for 0 < w < m. Forlarge R S(R) is almost a circle of radius 4/R around
0. The endpoints of S = [1, co) are first order algebraic branch points for the
extended meromorphic function T(z), provided T # oo.

(B) If d =1 and c = |c|le”” # 0, y € R, then S(R) consists of 2 curves
given by

St(R):={z=rzeV:ry =rs(¥) = Pr(w)/Q(¥), vi <y < 21—y},

where (see (75)) Q(y) := 2|c|(a—cos(w—7)) > 0 and, with p := a|c|+|c—1]| > 1,
qg:=alc|-|c-1>-1,

Pi(y) :=sin’ y + (blc| £ ((p —cosy)(g —cosw))'/?)?, <y <2n—y.

If g > 1, then w, :=0 and if q < 1, then y, denotes the unique solution of
cosy,=q, O<y, <m.

Always ri(w) > r_(w) >0 holds for v, < y <21 — y,.

Ifg<1,then 0 <y <m,ri(y1) =r-(y1) >0, r,2n—y1) =r-2n—y;) >
0.

If q=1, then y, =0, r (0)=r,(2n) =r_(0)=r_(27) > 0.

If > 1, then y, =0, r (0)=r,(2n) >r_(0)=r_(2n) > 0.

For large R, S.(R) and S_(R) are almost circles of radius |c|R and 1/|c|R
respectively. If c =1, then r.(y) =R and r_(y)=1/R for 0 <y < 2m.

Always S (see Theorem 9(b)) lies in the region between S,(R) and S_(R).
For ¢ # 1 the endpoints (c'/?>+(c—1)/2)2 of S are first order algebraic branch
points for the extended meromorphic function T(z) and for ¢ > 1 (see Theorem
9(b3), (by)) 1 € S holds with A(1) = £1 of order two (see Remark 8) and
the extended function T(z) consists of two separate meromorphic branches in a
neighbourhood of z = 1, provided T # oo.
Proof. Put z =re", r=r(y) >0, v € R. By (71), z € S(R) holds iff
A(z) € E(R) in (6).

(a) Substituting A(z) = z71/2 = r=1/2¢=¥/2 for A in (6) yields the linear
equation for r:

(R—2+ R ")cos*(w/2) + (R+2+ R~ ")sin’(y/2) = (R— R™")*r/4,

from which the assertion follows immediately in view of (75).
(B) We substitute

).(Z) — c—l/2(zl/2 + Z—I/2)/2 — i(rl/Zei(w—y)/2 + r—l/2e—i(y/+y)/2)/2|cll/2
for A in (6) and obtain
(r'*cos((w —¥)/2) — r~"2 cos((w +7)/2))*(R—2+ R™")
+(r'2sin((y - )/2) — r~2sin((w + 7)/2))X(R+ 2+ R™) = |c|(R— R™')?.

This yields the quadratic equation for r: r>—2ru+v = 0 with solutions ry(y) =
u(y) £ (u(y) — v(w))"/2, where with (75)

u(y) = (cosy — acosy +|c|b*)/(a — cos(y — 7)),
v(y) = (a —cos(y +7))/(a—cos(y —7)).

(
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Then u?—v = b*((alc| —cos w)? —|c - 1|?)/(a—cos(y¥ —y))? and the numerator
of u can be written as

((ale| - cos w)? — |c — 1]* + sin’ y + |c|*b?) /2|c| .
Therefore, r+(y) = P+(v)/Q(w) holds with Q(y) := 2|c|(a — cos(y —y)) and
Pi(w) = (alc| — cosw)* —|c — 1|2+sm v + b?|c)?
+ 2b|c| (alc] = cosy)? —|c — 1]2)1/2
= sin® y + (bc| £ ((ale| — cosw)? — |c — 1]2)1/2)2

This and (a|c|—cosy)?—|c—1]*> = (p —cos w)(q —cos w) yield the formula for
Py (y) as asserted in part (f), where p :=alc|+|c—1] > |c|+|c—1]| > 1, since
a>1,and q :=alc|—|c-1| > -1, since g+|c—1|+]1 = alc|+1 > |c|+1 > |c—1|.
Next, we observe that P.(n) > 0 and, provided g > 1, P.(0) > 0, since
otherwise by means of (75) (alc|£1)2—|c—1]? = b?|c|? or +Rec= a|c| would
follow, which is impossible because of a > 1. Since generally (x+y)? > (x—y)?
holds for x, y > 0, the rest of the assertion of () follows from the above
explicit representation of P.(y) as sum of 2 squares of real expressions.

Remark 11. If in Theorem 10(f) we solve the equation A(z) =¢, t € E =
E(R) (see (6)) for z, we obtain the parameter representations

zo(t) = (tc'? £ (tc'? = D)\ P2+ 1)V teE,

for the two curves Si(R). Furthermore, it follows easily, that in Theorem
10(B), g > 1, g =1,0r g <1 holds iff £c~!/? are inside E, on E or
outside E.

Remark 12. If Theorem 8 is applied to the continued fractions (73) and (74),
more general meromorphic extension results concerning 7°(z) in (12) may be
obtained.

We conclude our considerations with the following example. Assume that in
(12) ¢, =d, =1 holds for n > 2. Then ¢ =d =1 and Theorem 9(bs) is
applicable. In this special case it is easy to compute 7°(z) and its approximants
directly for |z| < 1 and |z| > 1, being the 2 components of G* = G\S,
where G =C and S = {z € C: |z| = 1}. But, as an illustration, we want to
compute 7(z) for |z] <1 and |z| > | and its meromorphic extension across
|z| = 1 by applying Theorem 7 to (74), which is equivalent to (12). To be
precise one should use a single-valued branch of z'/2 and z~'/2 = (z!/?)~! on
C\L, where L is an arbitrary fixed ray from 0 to oo, which at the end of our
consideration can be deleted again, since the value of 7'(z) is independent of
the chosen branch of z!/2. Then in (74), b, =0, a, = 1/4 for n > 2, and
hence v, =1-4a, =0, u, =2b, =0 for n > 2. Moreover, v; =1 — ¢,

un(z) = (dy — 1)z'/? for n—O 1 and A(z) = (212 + z71/2)/2.

In this special case (21), (22) and Corollary 1 yield

Clw)=14c¢c,1=1+o0u,
(76) D(w)=1+4c_y o+ c_1,1+c_1,000,1
=1+ wuy + (wu (1 +w) + woy) + wugu, ,

and (11) yields @(z) = z!/? for |z| < 1, and @(z) = z~'/2 for |z| > 1,
implying |@(z)| < 1 in both cases.
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For |z| < 1 we then obtain from (66) and (76)
A(z)=2z'"2(1+(d, - 1)2) 20

and
B(z)=(1+doz)(1+ (dy = 1)z) =,z £ 0,

~

where A(z), §(z) have no common zeros. Hence, (see (74))

T(z) = (4z)"'24(2)/B(z)
= (1+(d - D2)/((1

((
In accordance with Theorem 7(c), T(z) can be extended meromorphically from
|z] <1 onto C.

For |z| > 1, (66), (76), and @(z) = z~1/2 yield A(z) = 2z"12d,, B(z) =
di(do+z"")—ciz='. If here d; =0, then A(z)=0 and B(z) = —c;z~! #0
for |z| > 1. If dg=0 and dy = ¢; # 0, then B(z) =0 and A(z) # 0 for
|z| > 1. If B(z) # 0, then (see equation (74)) T(z) = (4z)~"2A(z)/B(z) =
d\/(d\(1 +doz) — ¢;) for |z|] > 1 and in accordance with Theorem 7(c) T(z
can be extended meromorphically from |z| > 1 onto C.

+doz)(1+(dy —1)z) —c;z) for|z|< 1.
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